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Dual polar graphs, the quantum algebra [/^(jsfe), and 
Leonard systems of dual g-Krawtchouk type 



Chalermpong Worawannotai 

^ I Abstract 

In this paper we consider how the following three objects are related: (i) the dual 
polar graphs; (ii) the quantum algebra ^(s^); (hi) the Leonard systems of dual q- 
Krawtchouk type. For convenience we first describe how (ii) and (hi) are related. 
For a given Leonard system of dual g-Krawtchouk type, we obtain two [^(s^-module 
structures on its underlying vector space. We now describe how (i) and (hi) are related. 
Let r denote a dual polar graph. Fix a vertex x of T and let T = T{x) denote the 
corresponding subconstituent algebra. By definition T is generated by the adjacency 
matrix A of V and a certain diagonal matrix A* = A*(x) called the dual adjacency 
matrix that corresponds to x. By construction the algebra T is semisimple. We show 
that for each irreducible T-module W the restrictions of A and A* to W induce a 
Leonard system of dual g-Krawtchouk type. We now describe how (i) and (ii) are 
related. We obtain two [/^(s^-module structures on the standard module of T. We 
describe how these two [^(s^-module structures are related. Each of these Uqfel?)- 
module structures induces a C-algebra homomorphism U q {sl^) — > T. We show that 
in each case T is generated by the image together with the center of T. Using the 
combinatorics of V we obtain a generating set L, F, R, K of T along with some attractive 
\ relations satisfied by these generators. 
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X ■ 1 Introduction 



In this paper we investigate a topic that involves algebraic graph theory, quantum groups, and 
linear algebra. We focus on three objects that turn out to be closely related. The first object 
is called a dual polar graph [21 HJ E]. Dual polar graphs are distance-regular jl]. The second 
object is the quantized universal enveloping algebra C/ g (s[ 2 ). We refer the reader to [T6| [T7] 
for background information on Uqisi-z). The third object is called a Leonard system of dual 
q-Krawtchouk type. In order to explain this concept we start with a more basic notion called 
a Leonard pair [26J. Roughly speaking a Leonard pair consists of two diagonalizable linear 
transformations on a finite-dimensional vector space, each of which acts in an irreducible 
tridiagonal fashion on an eigenbasis for the other one. A Leonard system is an "oriented" 
version of a Leonard pair. The Leonard systems are classified up to isomorphism [26j |27] . 
We will focus on a family of Leonard systems said to have dual q-Krawtchouk type. 
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Our central results are about how the above three objects are related. Shortly we will 
summarize these results. First we describe the three objects more precisely. We begin with 
the definition of a Leonard system. For convenience we take the underlying field to be the 
complex number field C. 



Definition 1.1. [22] Let d denote a nonnegative integer and let V denote a vector space 
over C with dimension d + 1. By a Leonard system on V we mean a sequence 

$ = (A;{E i }t ;A*;{E*}i =0 ) 

that satisfies (i)-(v) below. 

(i) Each of A, A* is a multiplicity-free element in End(V). 

(ii) {Ei}f =0 is an ordering of the primitive idempotents of A. 

(iii) {E*}f =0 is an ordering of the primitive idempotents of A*. 



iv) EiA*Ej = < . J \" (0<i,j<d). 
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v) E*AE* = l in ' J , (0<z,j<d). 



Definition 1.2. Referring to Definition ll.l| for < z < d let &i (resp. 0*) denote the 
eigenvalue of A (resp. A*) associated with E\ (resp. E*). 



Referring to the Leonard system $ from Definition II .![ assume $ has dual g-Krawtchouk 
type. As we will see, the eigenvalues of A and A* have the form 

0i = h + Kq d - 2i + vq 2i ~\ 6* = h* + K*q d - 2i (0 < i < d) (1) 

where q, h, h*,K,K*,v are scalars in C with q 2 ^ 1 and k, k* , v nonzero. 

We now recall the algebra U q {s\-i). We will use the equitable presentation [T5| 129]. 

Definition 1.3. [T3] Let t/ g (st 2 ) denote the C-algebra with generators x,y,z ±x and relations 
zz~ l = z~ l z = 1, 

qxy — q~ x yx qyz — q~ x zy qzx — q~ l xz 

q — q q — q q — q 

We now show how a Leonard system of dual g-Krawtchouk type is related to L^sfe). 
The following two theorems are our main results along this line. 

Theorem 1.4. Fix e G {1,-1}. Lei $ denote a Leonard system on V as in Definition 
Assume $ has dual q-Krawtchouk type and let h, h* , k, k* ,v denote the corresponding 
parameters from ([T|). Then there exists a unique U q {sl2) -module structure on V such that on 
V, 

A = hi + enx + evy, 

A* = h*l + 6K*Z. 
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Theorem 1.5. Fix e G {1,-1}. Let $ denote a Leonard system on V as in Definition 
Assume <3? has dual q-Krawtchouk type and let h,h* , k, k,* ,v denote the corresponding 
parameters from ([1]). Then there exists a unique XJ q {s\<i) -module structure on V such that on 
V, 

A = hi + eny + evx, 
A* = h*l + EK*Z. 

We now recall the definition of a dual polar graph. Let b denote a prime power. Let 
denote the finite field of order b. Let U denote a finite-dimensional vector space over en- 
dowed with one of the following forms: C D (b), B D (b), D D (b), 2 D D+1 (b), 2 A 2 D(q), 2 A 2 D-i{q), 
where b = q 2 [4, p. 274]. A subspace W of U is called isotropic whenever the form vanishes 
completely on W. By [6], Theorem 6.3.1] each maximal isotropic subspace of U has dimension 
D. Define a graph T as follows. The vertex set X of V consists of the maximal isotropic sub- 
spaces of U. Vertices y, z in X are adjacent in F whenever dim(yf]z) = D — 1. Let d denote 
the path-length distance function for T. By [4, p. 276] for y, z e X, d(y, z) = D — dim.(y C\ z) . 
By [U p. 274] the graph T is distance-regular with diameter D. We call T the dual polar 
graph associated with U. 

We have a few comments about T. By the standard module of T we mean the vector space 
V = C x of column vectors with rows indexed by X. Let A £ Matx(C) denote the adjacency 
matrix of T. Let 6q > Q\ > ■ ■ ■ > &b denote the eigenvalues of A. For < i < D let Ei 
denote the projection onto the eigenspace of A associated with the eigenvalue #j. For the rest 
of this section fix a vertex Let A* = A*(x) denote the diagonal matrix in Matx(C) 

whose diagonal is obtained by rotating row x of |X|.Ei by 45 degrees. For < i < D, by 
the i th subconstituent of T we mean the subspace of V spanned by the vertices at distance 
i from x. The subconstituents are the eigenspaces of A*; for < i < D let E* = E*(x) 
(resp. 9*) denote the corresponding projection (resp. eigenvalue). By jH Theorem 8.4.2, 
Theorem 9.4.3] the eigenvalues of A and A* have the form 

9i = h + nq D ~ 2t + vq 2i ~ D , 9* = h* + K*q D ~ 2t (0 < i < D) 

where h, h*, k, k*,v are in C with k,k*,v nonzero. Let T = T(x) denote the subalgebra of 
Matx(C) generated by A, A*. The algebra T is called the subconstituent algebra or Terwilliger 
algebra with respect to x [22]. By [H p. 157] the algebra T is semisimple. By a T-module we 
mean a subspace W C V such that BW C W for all B e T. Let W denote an irreducible 
T-module. By the endpoint of W we mean min{i|0 < i < D, E*W ^ 0}. By the dual 
endpoint of W we mean min{i|0 < i < D, EiW ^ 0}. By the diameter of W we mean 
\{i\0 < i < D, E*W 7^ 0}| — 1. We now show how T is related to the Leonard systems of 
dual g-Krawtchouk type. The following is our third main result. 

Theorem 1.6. Let W denote an irreducible T-module. Let r,t,d denote the endpoint, dual 
endpoint, and diameter of W , respectively. Then (A\w; {E t+ i\w}i=o'i A*\w', {E* +i \w}i=o) ^ s 
a Leonard system of dual q-Krawtchouk type. 

We now summarize how T is related to U q (s\2)- Since T is semisimple, V is a direct sum 
of irreducible T-modules. For each irreducible T-module W in the sum, combining Theorem 
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11.61 with Theorem 11.41 and Theorem II .51 we obtain two t/g(s[2)-module structures on W. This 
gives two {7 9 (s ^-module structures on V. In order to describe them in a coherent fashion 
we introduce some elements T, \l/ in the center of T. These elements act on each irreducible 
T-module W as q r + t + d - D j^ q r ^ t J where r, t, d are the endpoint, dual endpoint, and diameter 
of W, respectively. We now give our fourth and fifth main results. 

Theorem 1.7. There exists a unique U q (sl2) -module structure on V such that on V , 

A = hi + kT'^x + vT^'iy, 
A* = h*l + kT -1 *- 1 *. 

Theorem 1.8. There exists a unique V ^(s^) -module structure on V such that on V, 

A = hl + kT" 1 ^?/ + vT^^x, 
A* = h*l + k'T -1 * - ^. 

Each of the above [^(s^-module structures on V induces a C-algebra homomorphism 
U q (sl2) — > T . We now describe how their images are related to T. The following is our sixth 
main result. 

Theorem 1.9. For either of our two C-algebra homomorphisms U q {s\2) — > T, let U denote 
the image. Then the algebra T is generated by U together with the elements T ±l , ty^ 1 . 

We now describe some relations in T that we find attractive. In order to state these 
relations, it is convenient to decompose A = L + F + R where L (resp. F) (resp. R) 
is the lowering matrix (resp. flattening matrix) (resp. raising matrix) of V with respect 
to x. For vertices y, z of T the (y, z)-entry of L (resp. F) (resp. R) is 1 whenever y, z 
are adjacent and d(x, z) — d(x,y) is 1 (resp. 0) (resp. —1). Define a diagonal matrix 
K E Matx(C) with (y, y)-entry q- 29 ^^ for y E X. In other words K = Ylf=o q~ 2i E*. By 
construction A* E span{/, K}. The algebra T is generated by L, F, R, K. We now describe 
how L, F, R, K are related. The following is our seventh main result. 



Theorem 1.10. The matrices L,F,R,K satisfy 



KL = q 2 LK, KF = FK, KR = q~ 2 RK, 
LF - q 2 FL = (q 2e - l)L, FR - q 2 RF = (q 2e - 1)R, 

-^RL 2 - LRL + -f^L 2 R = -q 2e+2D - 2 L, 
q 2 + 1 q 2 + 1 

— R 2 L - RLR + -f^LR 2 = -q 2e+2D ~ 2 R, 
q 2 + 1 q l + 1 

where e is given in the table below: 



form 


C D (b) B D {b) D D {b) 2 D D+l {b) 2 A 2D {q) 2 A 2D _ 1 {q) 


e 


1 1 2 3/2 1/2 
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We will repeatedly use the relations in Theorem 11.101 

This paper is organized as follows. In Sections 2-7 we recall some background concerning 
Leonard systems. In Section 8 we introduce the normalized split basis for a Leonard system. 
In Section 9 we discuss the intersection matrix of a Leonard system. In Section 10 we recall 
the tridiagonal relations and Askey- Wilson relations of a Leonard system. In Section 11 we 
recall the Leonard systems of dual g-Krawtchouk type. In Section 12 we recall U q (s\2) and 
describe its finite-dimensional irreducible modules. In Section 13 we prove Theorem 11.41 and 
Theorem 11.51 In Section 14 we discuss the sub constituent algebra T of a distance-regular 
graph. In Section 15 we recall the notion of a near polygon. After obtaining some basic facts 
about near polygons, we focus on a particular type of near polygon called a dual polar graph. 
In Sections 16-19 we discuss some basic facts about a dual polar graph and its irreducible 
T-modules. In Sections 20, 21 we discuss some central elements Q, G, G* of T that come from 
the Askey- Wilson relations. We describe the entries of the matrices Q,G,G*. In Section 22 
we introduce three central elements T, A of T which will be used to relate T to U q (s\2). 
In Section 23 we prove Theorem 11.61 In Section 24 we prove Theorem 11.71 and Theorem 11.81 
In Section 25 we prove Theorem 11.91 In Section 26 we discuss the matrices L, F, R, K and 
prove Theorem 11.101 In Section 27 we describe Q, G, G* in terms of L, F, R, K. In Section 
28 we introduce three central elements Co, C\, C2 of T that involve L, F, R, K. We show that 
C , C\, C 2 generate the center of T. In Section 29 we show how C , C\, C 2 relate to Q, G, G* 
and T, A. In Section 30 we describe the two f/q(s[ 2 )-module structures from Theorem 11.71 
and Theorem 11.81 in terms of L, F, R, K. 

2 Leonard pairs 

We now begin our formal argument. We start by recalling the notion of a Leonard pair. 
We will use the following terms. A square matrix X is said to be tridiagonal whenever each 
nonzero entry lies on either the diagonal, the subdiagonal, or the superdiagonal. Assume X 
is tridiagonal. Then X is said to be irreducible whenever each entry on the subdiagonal is 
nonzero and each entry on the superdiagonal is nonzero. We now define a Leonard pair. For 
the rest of this paper K will denote a field. 

Definition 2.1. [261 Definition 1.1] Let V denote a vector space over K with finite positive 
dimension. By a Leonard pair on V we mean an ordered pair A, A* where A : V — > V and 
A* : V — > V are linear transformations that satisfy (i), (ii) below: 

(i) There exists a basis for V with respect to which the matrix representing A is irreducible 
tridiagonal and the matrix representing A* is diagonal. 

(ii) There exists a basis for V with respect to which the matrix representing A* is irreducible 
tridiagonal and the matrix representing A is diagonal. 

Note 2.2. It is a common notational convention to use A* to represent the conjugate- 
transpose of A. We are not using this convention. In a Leonard pair A, A* the linear 
transformations A and A* are arbitrary subject to (i), (ii) above. 
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3 Leonard systems 



When working with a Leonard pair, it is convenient to consider a closely related object called 
a Leonard system. To prepare for our definition of a Leonard system, we recall a few concepts 
from linear algebra. Throughout the paper an algebra is meant to be associative and have a 1, 
and a subalgebra has the same 1 as the parent algebra. Let d denote a nonnegative integer and 
let Matd+i(K) denote the IK-algebra consisting of all d+1 by d+1 matrices that have entries 
in K. We index the rows and columns by 0, 1, . . . , d. Let V denote a vector space over K with 
dimension d + 1. Let {vi}f =0 denote a basis for V. For A e End(V) and B e Mat d+1 (K), we 
say that B represents A with respect to {vi}f =Q whenever Avj = Y2t=o BijVi for < j < d. An 
element A e End(V) is said to be multiplicity-free whenever it has d+1 mutually distinct 
eigenvalues in K. Assume A is multiplicity-free. Let {Vi}f =0 denote an ordering of the 
eigenspaces of A. For < i < d let 9^ denote the eigenvalue of A corresponding to Define 
Et G End(V) such that (E t - I)Vi = and E^ = for j ^ % (0 < j < d). Here / denotes 
the identity of End(y). We call E^ the primitive idempotent of A corresponding to Vi (or 9j). 
Observe that (i) AE { = 6^ (0 < i < d); (ii) E^ = 5^ (0 <i,j < d); (iii) I = T,Lo E ^ 
(iv) A = Eto^- Moreover 

0<j<d 1 J 

We now define a Leonard system. 

Definition 3.1. [261 Definition 1.4] Let d denote a nonnegative integer and let V denote a 
vector space over K with dimension d+1. By a Leonard system on V we mean a sequence 

$ = (A;{E i }t ;A*;{E*}to) 

that satisfies (i)-(v) below. 

(i) Each of A, A* is a multiplicity-free element in End(V^). 

(ii) {Ei}f =0 is an ordering of the primitive idempotents of A. 

(iii) {E*}f =0 is an ordering of the primitive idempotents of A*. 



iv) EiA*Ej = { . .. ' - (0 < i,j < d). 



1° 


if 


1*- j\ 


> l 
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= l 
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> l 




if 


1* -il 


= l 



v) W= /n . '. J \ 1 (0<i,j<d). 



We refer to d as the diameter of and say $ is over IK. We call V the vector space underlying 
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We comment on how Leonard pairs and Leonard systems are related. Fix an integer d > 
and let V denote a vector space over K with dimension d + 1. Let (A; {Ei}f =0 ; A*; {E*}f =Q ) 
denote a Leonard system on V. For < i < d let Vi denote a nonzero vector in E^V . Then 
the sequence {vi}f =Q is a basis for V that satisfies Definition |2JJ^ii). For < i < d let v* 
denote a nonzero vector in E*V. Then the sequence {v*}f =Q is a basis for V that satisfies 
Definition I2.1( i). By these comments the pair A, A* is a Leonard pair on V. Conversely let 
A, A* denote a Leonard pair on V. By J27J Lemma 3.1] each of A, A* is multiplicity- free. Let 
{vi}f =0 denote a basis for V that satisfies Definition 12. l( ii). For < i < d the vector Vi is an 
eigenvector for A; let Ei denote the corresponding primitive idempotent. Let {v*}f =0 denote 
a basis for V that satisfies Definition 12. lf i). For < % < d the vector v* is an eigenvector for 
A*; let E* denote the corresponding primitive idempotent. Then (A; {Ei}f =0 ; A*; {E*}f =0 ) 
is a Leonard system on V. 

Definition 3.2. Referring to the Leonard system $ from Definition 13.11 for < i < d let 

6i (resp. 9*) denote the eigenvalue of A (resp. A*) associated with the eigenspace E^V 
(resp. E*V). We call {Oi}f =0 (resp. {9*}f =Q ) the eigenvalue sequence (resp. dual eigenvalue 
sequence) of $. 

The following notation will be useful. Let A denote an indeterminate and let K[A] denote 
the K-algebra consisting of the polynomials in A that have all coefficients in K. 

Definition 3.3. Referring to the Leonard system $ from Definition 13.11 let {9i}f =Q (resp. 
{9*}f =0 ) denote the eigenvalue sequence (resp. dual eigenvalue sequence) of $. For < i < d 
define polynomials Ti,r]i,T* ,r/* in K[A] as follows. 

r l = (\-9 )(\-9 1 )---(\-9 l _ 1 ), 

r]l = (\-9 d )(\-9 d _ 1 )---(\-9 d _ l+1 ), 
T ; = (\-9* )(\-9* 1 )...(\-9l 1 ), 
V* = ^-0* d )(\-9:_ 1 )---(\-9^ l+1 ). 

Observe that each of Ti,rji, r*,r]* is monic of degree i. 



4 The D 4 action 



Let $ denote the Leonard system on V from Definition 13. II Then each of the following three 
sequences is a Leonard system on V. 



(A*;{E;}t=a;A;mlo) 
{^{E^U-A^iEUf 



i=0 )■ 



{A-iE^Y^A^-iEm 
Viewing *, J,, Jj as permutations on the set of all Leonard systems, 

,.2_ I 2 _ ^2 



v = v = 1 

I * = * ^, 



(2) 
(3) 
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The group generated by symbols *, I, JJ. subject to the relations (J2J), © is the dihedral group 
D^. We recall D4 is the group of symmetries of a square, and has 8 elements. Apparently 
*, 4, JJ- induce an action of D 4 on the set of all Leonard systems. Two Leonard systems will 
be called relatives whenever they are in the same orbit of this -D4 action. 

For the rest of this paper we will use the following convention. 

Definition 4.1. Referring to Leonard system $ from Definition 13. 1[ for any element g in 
the group -D4 and for any object / associated with $, let f 9 denote the corresponding object 
for the Leonard system $ ff . 

5 The standard decomposition and the standard basis 

Throughout this section fix an integer d > and let V denote a vector space over IK with 
dimension d + 1. By a decomposition of V we mean a sequence {Vi}f =0 of subspaces of V such 
that Vi has dimension 1 for < i < d and V = X^Lo^i (direct sum). Let { V^}f =0 denote 
a decomposition of V. By the inversion of this decomposition we mean the decomposition 

Definition 5.1. Referring to the Leonard system $ on V from Definition 13. 1[ observe that 
{E*V}f =0 is a decomposition of V. We say that this decomposition is ^-standard. 

Lemma 5.2. f2T[ Lemma 5.1] Referring to the Leonard system $ on V from Definition ^. 1\ 
let v denote a nonzero vector in E V. Then for < i < d the element E*v is nonzero and 
hence a basis for E*V . Moreover the sequence {E*v}f =0 is a basis for V. 

Definition 5.3. [2U Definition 5.2] Referring to the Leonard system $ on V from Definition 
13. 1[ by a ^-standard basis for V we mean the sequence {E*v}f =0 where v denotes a nonzero 
vector in EqV. 

Lemma 5.4. Referring to the Leonard system $ on V from Definition \3.1\ with respect 
to a ^-standard basis the matrix representing A is irreducible tridiagonal and the matrix 
representing A* is diag(#o,0*, • • • ,@d) where {9*}f =0 is the dual eigenvalue sequence 0/$. 

Proof: Immediate from Definition 13.11 □ 



6 The split decomposition and the split basis 

Throughout this section let $ denote the Leonard system on V from Definition 13.11 For 
< i < d define 

Ui = (E*V + EIV + --- + E*V) n (EiV + E i+1 V + ■■■ + E d V). (4) 

By [211 Theorem 20.7] the sequence {Ui}f =Q is a decomposition of V. This decomposition is 
said to be <$>-split [23 Definition 20.2]. By [23 Theorem 20.7] for < i < d both 

U + Ut + ■ ■ ■ + Ui = E*V + E{V + ■ ■ ■ + E*V, 
Ui + U i+1 + --- + U d = EiV + E i+1 V + ■ ■ ■ + E d V. (5) 
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By [23 Lemma 20.9], 



(A-ej)u t = u l+1 (o<i<d-i), 

(A* - 9*I)Ui = Ui-i (l<i<d), 



(A-e d i)u d = o, 

(A* - 6*I)U = 0. 



(6) 
(7) 



By <^j, (jZJ) for 1 < % < d, Ui is invariant under the action of (A - 6^1/) (A* - 8*1), and 
the corresponding eigenvalue is a nonzero scalar in K. We denote this eigenvalue by We 
display a basis for V that illuminates the significance of tfi. Setting i = in (j3J) we find 
£/o — -^o^- Combining this with (J6j) we find 

U i = (A-8^ 1 I)---(A-8 1 I)(A-d I)E*V (0<t<d). (8) 

Let v denote a nonzero vector in E^V . From ([8]) we find that for < i < d the vector 
(A — Oi^il) ■ ■ ■ (A — 6qI)v is a basis for U^. By this and since {Ui}f =0 is a decomposition of 
V we find the sequence 



(A - Oi-J) ■■■{A - 9 1 I)(A - 9 I)v (0<i<d) 
is a basis for V. With respect to this basis the matrices representing A and A* are 



(9) 



.4 



/ #0 
1 61 
1 



V 



\ 



/ 8*0 <Pi 

0* ¥?2 



v4* 



1 e d ) 



0* 



V 



\ 



(10) 



By a <& -split basis for V we mean a sequence of the form ([91 , where f is a nonzero vector 
in i?o^- We call {<£>i}f = i the /irst sp/zi sequence of $. We let {0i}f =1 denote the first split 
sequence of <3?^ and call this the second split sequence of <£>. For notational convenience define 
ip = 0, (p d+1 = 0, 0o = 0, = 0. 
We now define the parameter array of $. 



Definition 6.1. [281 Definition 10.1] By the parameter array of $ we mean the sequence 

({0i}i*\{0i}i^{Vi}i=i,{<f>i}i=i) where W*=o ( res P- R*}io) denotes the eigenvalue se- 
quence (resp. dual eigenvalue sequence) of $ and {(pi}f =1 (resp. {0j}f =1 ) denotes the first 
split sequence (resp. second split sequence) of $. 

We finish this section with a few characterizations of the $-split basis. 

Lemma 6.2. [281 Lemma 13.2] Let {vi}f =0 denote a sequence of vectors in V, not all zero. 



Then {vi}f =0 is a $ -split basis for V if and only if both (i) t> G EqV ; (ii) Avi = OiVi + Vi+i 
for < i < d- 1. 

Lemma 6.3. Let {vi}f =Q denote a sequence of vectors in V, not all zero. Then {vi}f =0 is a 
<& -split basis for V if and only if both (i) v d G E d V ; (ii) A*Vi = 6*Vi + ifiV^i for 1 < i < d. 
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Proof: First assume {vi}f =Q is a $-split basis for V. With respect to {vi}f =0 the matrices 
representing A, A* satisfy ffTU|) . Therefore the basis {vi}f =0 satisfies (i), (ii), and we are done 
in one direction. To prove the other direction assume {vi}f =0 satisfies (i), (ii). We will invoke 
Lemma [6.21 To do this we need to verify that {vi}f =0 satisfies Lemma l6.2( i). (ii). By (J3J) 
we have E d V = Ud- By this and (i) we have Vd G Ud- By this, (ii) and ([7]) we have V{ G C/j 
for < i < d. In particular vq G Uq. By (@J we have U$ = E^V so vq G EqV. Therefore 
{vi}f =0 satisfies Lemma Qi). By (ii) we have (A - 9il)vi = f^A - 8iI)(A* - 9* +1 I)v l+1 
for < % < d — 1. By this and the discussion below ([7]) we have (A — 8iI)vi = Vi + \. Therefore 
{vi}f =0 satisfies Lemma IBTiZT ii). By Lemma I6T21 the sequence {vi}f =0 is a $-split basis for V. □ 

Lemma 6.4. Let {vi}f =0 denote a sequence of vectors in V. Then the following are equiva- 
lent: 

(i) The sequence {vi}f =0 is a Q-split basis for V . 

(ii) There exists a nonzero w G EdV such that 

(A* - e* l+1 i) ■ ■ ■ (A* - e^i^A* - e* d i)w . 

Vi = (0 < i < d). 

■ ■ ■ Pd-i^d 

Proof: Immediate from Lemma 16.31 □ 



7 A classification of Leonard systems 

In [261 Theorem 1.9] Leonard systems are classified up to isomorphism. We now recall this 
classification. 

Theorem 7.1. [26, Theorem 1.9] Let d denote a nonnegative integer and let 

denote a sequence of scalars taken from K. There exists a Leonard system $ over K with 
parameter array ffTTj) if and only if the following conditions (PA1)-(PA5) hold. 

(PA1) Si ^ Oj, 9* ± 9* if i ± j, (0 < i, j < d) . 
(PA2) (p^O, 0,^0 (l < i < d). 

(pas) Vi = ^ £ V V + (9* - 9*m-i -e d ) (1 < i < d). 

i — 1 

(PA4) & = Vl J2 V V + W - ~9 ) (l<i<d). 
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(PA5) The expressions 

are equal and independent of i for 2 < i < d — 1. 

Moreover, suppose (PA1)-(PA5) /io/d Then $ unique up to isomorphism of Leonard 
systems. 

Theorem 7.2. [26, Theorem 1.11] Let $ denote a Leonard system with parameter array 

Then (i)-(iii) hold below. 

(i) The parameter array of $* is ({9*}f =0 ; {6i}f =0 ; {<fi}f =1 ; {0^+i}ii)- 

(ii) The parameter array of & is ({0;}f =o ; {^-Jto! {<Pd-i+i}f =1 ] {^d-i+i}t =1 ) ■ 

(iii) The parameter array of ^ is ({9 d -i}f =0 ] {0*}f =0 ; {(pi}f =1 ; {Vi\t=i)- 



8 The normalized split basis 

Throughout this section let $ denote the Leonard system on V from Definition 13. 1L In an 
earlier section we discussed the <3?-split basis. For our purpose it is convenient to modify the 
$-split basis by adjusting the normalization. 

Lemma 8.1. Let v denote a nonzero vector in EqV. For < i < d define 

Ui = T;(F d )(A-6 i - 1 I)---(A-6 1 I)(A-6 I)v ^ 
(pi(p 2 ---(pi 

Then Ui is a basis for the subspace Ui from line (TJJ. Moreover the sequence {ui}f =0 is a basis 
for V. 

Proof: Since {6*}^ =0 are mutually distinct, T*(6* d ) ^ 0. The first assertion follows from this 
and the comment below (JBJ). The second assertion follows from this and the fact that {Ui}f =0 
is a decomposition of V. □ 



Definition 8.2. By a normalized split basis for V we mean a sequence {ui}f =0 of the form 
(|13p . where v is a nonzero vector in EqV . 

For the rest of this section we describe the normalized $-split basis from various points of 
view. 

Lemma 8.3. The following (i), (ii) hold. 
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(i) Let {vi}f =0 denote a <& -split basis for V. Then the sequence 

T ^>' (0<,< <i ) 

is a normalized $ -split basis for V . 

(ii) Let {ui}f =0 denote a normalized split basis for V . Then the sequence 

(0<«<<i) 

is a <& -split basis for V . 
Proof: Compare © and ( !T3|) . □ 

Lemma 8.4. Let {ui}f =0 denote a sequence of vectors in V. Then the following are equiva- 
lent: 

(i) The sequence {ui}f =0 is a normalized split basis for V . 

(ii) There exists a nonzero w G E d V such that 

Ul = r*(e* d )(A* - e* +1 i) ■ ■ ■ (a* - eui){A* - e* d i)w (o<z< d). 

Proof: Immediate from Lemma 16.41 and Lemma 18.31 □ 

Lemma 8.5. Let {ui}f =0 denote a sequence of vectors in V , not all zero. Then {ui}f =0 is a 
normalized & -split basis for V if and only if both (i) u G EqV; (ii) Aui = 9iUi + <pi + i(9 d — 
0*)~Vt-i forO < i < d- 1. 

Proof: Immediate from Lemma 18.11 □ 

Lemma 8.6. Let {ui}f =0 denote a sequence of vectors in V , not all zero. Then {ui}f =0 is 
a normalized <& -split basis for V if and only if both (i) u d G EdV ; (ii) A*Ui = 8*Ui + (9* d — 
0i"_i)ui-i forl<i<d. 

Proof: Immediate from Lemma 18.41 □ 

Using Lemma 18.51 and Lemma 18.61 we now describe the matrices representing A, A* with 
respect to a normalized $-split basis for V. 

Lemma 8.7. With respect to a normalized split basis for V , the matrices in Mat^+i (IK) 
that represent A, A* are described as follows. The matrix representing A is lower bidiagonal 
with (i, i)- entry 9i for < i < d and (i, i — 1)- entry (fi/{9 d — 9*_ t ) for 1 < i < d. The matrix 
representing A* is upper bidiagonal with -entry 9* for < i < d and (i — entry 
®*d ~ f or 1 — * — ^- Moreover the matrix representing A* has constant row sum 9 d . 
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Example 8.8. With reference to Definition ^. 1\ assume d = 4. With respect to a normalized 
Q-split basis for V, the matrices representing A, A* are given below. 



( Oo 

•pi 



A : 







V 









Ox 

91-91 








02 

<£3 
04-02 








03 

14 



\ 





04 ) 



A* 



(01 





V o 



a* o* 

V 4 - 0Q 

91 








0\ - 0\ 

0*2 









o* o* 
U 4 - V 2 

0*3 









0*3 



01 



Observe that the matrix representing A* has constant row sum Q\. 

Lemma 8.9. Let {uj}f =0 denote a sequence of vectors in V , not all zero. Then {ui}f =0 
is a normalized <&-split basis for V if and only if both (i) Ui G Ui for < i < d; (ii) 

Proof: First assume that {ui}f =0 is a normalized $-split basis for V. The sequence {ui}f =0 
satisfies (i) by Lemma [87T1 By Lemma [87T1 the matrix representing A* with respect to {ui}f =0 

,Ui = 0, and thus the sequence {ui}f =Q 
, (ii), and we are done in one direction. 
To prove the other direction assume {ui}f =Q satisfies (i), (ii). We will invoke Lemma \S. 6 1 To 
do this it suffices to verify that {ui}f =0 satisfies Lemma IB31 (i) . (ii). By assumption Ud G Ud- 
By (jlj) we have Ud = EdV so Ud G EdV. Therefore {ui}f =Q satisfies Lemma [83T i). By (ii) 
we have 



has constant row sum 6* d . Therefore (A* — 6* d I) E;=i 
satisfies (ii). We have shown that {ui}f =0 satisfies (i) 



= J2(A* - 0* d I)ui 

d d 

= j2(A*-e*i) Ul + j2(0:-0*d)^ 

i=0 i=0 
d d 

= J2(A* - o*i)ui + Y^ipu - 0>i-i- 



i=0 



1=1 



By (i) and © we have (A* - 9*I)ui G ior 1 < i < d and (A* - 8*I)u = 0. By (i), the 
comments above and since {Ui}f =0 is a decomposition of V, the sequence {ui}f =Q satisfies 
Lemma [8.6( ii). Therefore by Lemma [8.61 the sequence {"Ui}f =0 is a normalized $-split basis 
for V. □ 



9 The intersection matrix 

Throughout this section let $ denote the Leonard system from Definition 13. II In this section 
we recall the intersection matrix of $ and the dual intersection matrix of $. 
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Definition 9.1. Consider the matrix in Matd+i(K) that represents A with respect to a $- 
standard basis. This matrix is irreducible tridiagonal by Lemma 15.41 This matrix will be 
written as 



/ a b 
c\ a\ b\ 
c 2 • 



\ 



• 6d-i 



We call this matrix the intersection matrix of For notational convenience define bd = 
and Co = 0. We call ai, bi, Ci (0 < % < d) the intersection numbers of $. 

Definition 9.2. By the dual intersection matrix of $ we mean the intersection matrix for 
$*. We call a*, b*, c* (0 < i < d) the dual intersection numbers of $. 

Lemma 9.3. [27J Lemma 11.2] We have + bi + Ci = 9 for < i < d. 

We now give explicit formulas for the intersection numbers and the dual intersection numbers. 
To avoid trivialities assume d > 1. 

Lemma 9.4. [27J Theorem 23.5] The following (i), (ii) hold. 



(i) bi = ifi+i — 



(ii) Q 



'i+l\ w i+l/ 



(0 < i < d- 1). 



(1 < i < d). 



Lemma 9.5. j27J Theorem 23.6] VKe have 



«o = #o + 



a<i = 9d + 



91-61 



+ 



a* a* a* a* 



(1 < % < d- 1) 



^3 - ^-i 

Lemma 9.6. The following (i), (ii) /joZ<i. 

7i(0i) 



i 6* 



u a- 



>d-i+r 



Vd-i(9i 



Vd-i+l["i-l j 



(0 < i < d- 1). 



1 < i < d). 



Proof: Apply Lemma 19.41 to the Leonard system $* and use Lemma I7.2( i) to obtain the 
result. □ 
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Lemma 9.7. We have 



a ~ d + q _ Q , 

t>i — t>i-i t>i — t/j+i 

„* n* i rd 

a d~ Ud + 



9d — Od-i 



Proof: Apply Lemma 19.51 to the Leonard system $* and use Lemma 17.2( 1) to obtain the 
result. □ 



10 The tridiagonal relations and the Askey- Wilson re- 
lations 

Throughout this section let $ denote the Leonard system from Definition 13.11 We recall the 
corresponding tridiagonal relations and Askey- Wilson relations. 

Lemma 10.1. |12[ Theorem 10.1] There exists a sequence of scalars /3,j,j*, g, g* taken from 
IK such that both 

[A, A 2 A* - (5AA*A + A* A 2 - j(AA* + A* A) - qA*] = 0, (14) 
[A*, A* 2 A - (3A*AA* + AA* 2 - ^*{A*A + AA*) - g*A] = 0. (15) 

The notation [r, s] means rs — sr. The sequence is uniquely determined by the Leonard system 
$ provided d > 3. 

We call (|14p . ( 1T5"|) the tridiagonal relations. 

Lemma 10.2. [30, Corollary 4.4, Theorem 4.5] Let 0, 7, 7*, g, g* denote scalars in K. Then 
these scalars satisfy (I14p . ( II 5p if and only if the following (i)-(v) hold. 

(i) + 1 is the common value of ()12p for 2 < i < d — 1 . 

(ii) 7 = 0<_i - p6i + 9 i+1 (1 < i < d - 1) . 

(in) Y = eu-m+n + i (i<«<d-i). 

(iv) g = 9U - pe^Oi + 6 2 - 7 (^_! + 6i) (l<i<d). 

( v ) e * = 9*1, - peue* + ef - 7 *(0*_ 1 + o*) (1 < % < d). 

Lemma 10.3. [30, Theorem 1.5] Let 7, 7*, g, g* denote the scalars from Lemma \10.1[ 
Then there exists a sequence of scalars u, 77, rf taken from K such that both 

A 2 A* - f3AA*A + A* A 2 - -/{AA* + A* A) - gA* = j*A 2 + uA + rjl, (16) 
A* 2 A - (3A*AA* + AA* 2 - ^*(A*A + AA*) - g*A = jA* 2 + uA* + rfl. (17) 

The sequence is uniquely determined by the Leonard system $ provided d > 3. 
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We call f|T6|) . f fT7|) the Askey-Wilson relations. 

For notational convenience let 6L1 and (resp. Q*_ x and 6^ +1 ) denote the scalars in K 
which satisfy Lemma [10.2( h) (resp. Lemma [10.2( iii)) for i = and i = d. 

Lemma 10.4. [30, Corollary 5.2, Theorem 5.3] Let /3, 7, 7*, g, g* denote the scalars from 
Lemma \10.1\ Let u,r],r]* denote scalars in K. Then oj,r],ri* satisfy (fl6|) . (FIT]) i/ and on/y i/ 
i/ie following (i)-(iv) hold. 

(i) w = ^{6* - 9* +1 ) + a^OU - 9U) - 1(0* + OU (1 < « < d). 

(ii) w = a*(^ - + a*_i(0i-i - 0;_ 2 ) - 7 *(0, + 0<_i) (1 < i < d). 
(hi) 77 = - O^fr - 6 l+1 ) - YOf (0<t<d). 

(iv) V * = am - 0U)(9* - 9* +1 ) - j9f - oj6* (0 < • < d). 

11 Leonard systems of dual g-Krawtchouk type 

For the past few sections we have been discussing general Leonard systems. We now consider 
a family of Leonard systems said to have dual g-Krawtchouk type. 

For the rest of the paper let q denote a nonzero scalar in K such that q 2 7^ 1. 

We will be discussing the Leonard system $ from Definition 13.11 Let K denote the algebraic 
closure of K. 

Definition 11.1. [271 Example 35.8] The Leonard system $ is said to have dual q-Krawtchouk 
type whenever there exist scalars h, h*,K,n*,v in K such that k,k*,v are nonzero and both 

for < i < d and both 

for 1 < % < d. 

For the rest of this section assume $ has dual g-Krawtchouk type with the scalars h, h*,K,K*,v 
as in Definition lll.il 

Lemma 11.2. The following (i), (ii) hold for < i,j < d. 

(i) i - Q. = q d ( q ^ - q-i)(q~ l + q^)( K - vq 2i+2j ~ 2d ). 

(ii) 0* -9* = /cVC?"* - q- j )(q-' 1 + q~ j ). 



9 i = h + nq d - 2i + vq 2i ~ d , 
9* = h* + K*q d - 2i 



(18) 
(19) 



KK*q d+1 - 2i {q i - q-^q 1 ^ 1 - q d+1 -') 



K*vq d+1 - 2i (q l - q- l )(q 



i-d-1 



q 



d+l-i\ 



(20) 
(21) 
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Proof: Immediate from f|T8|) and f[T9l) . 



□ 



Lemma 11.3. The following (i), (ii) hold. 

(i) g 2 V 1 (1 <* < d). 

(ii) « ^ i;g 2i ~ M (1 < i < 2d- 1). 

Proof: By Lemma [11 .2( i) and since {#j}f =0 are mutually distinct. □ 

Lemma 11.4. The intersection numbers of <3> satisfy the following (i)-(iii). 

(i) hi = Kq^q^ - g i-d ) (0 < i < d - 1). 

(ii) Q = vq l ~ d (q~ l — q % ) (1 < i < d). 

(iii) ai = /i + (k + t;)g 2i - d (0 < % < d) . 

Proof: In the equations of Lemma 19.41 and Lemma I9.5[ evaluate the right-hand sides using 
Definition II 1. II and Lemma [11.2( h). and then simplify the result. □ 

Lemma 11.5. The dual intersection numbers of $ satisfy the following (i)-(iii). 



[k - vq Ai ~ 2d ){K - vq Ai ~ 2d + 2 ) V - - o K _ vq2 -2d ■ 

... # vK*q 5l ~ 3d ~ 2 (q~ l — q l )(K — vq 2% ) (I < ' < d 1) * VK*q 2d ~ 2 (q~ d — q d ) 



^ (K-vq^ 2d )(K-vq 4i - 2d - 2 ) V - - d K - vq 2d-2 

(iii) a* = o *-6*-c* (0<*<d). 

Proof: (i), (ii) In the equations of Lemma [9.6| evaluate the right-hand sides using Definition 
111. H and Lemma [11.2( i). and then simplify the result. 

(iii) Apply Lemma [9.31 to the Leonard system $*. □ 

Lemma 11.6. Let (3, 7, 7*, g, g* denote the scalars from K which satisfy the following (i)-(v) . 

(i) (3 = q 2 + q- 2 . 

(ii) 7 = h(2-0). 

(iii) 7* = /!* (2-/3). 

(iv) g = h 2 (f3-2)-Kv((3 2 -A). 

(v) g* = h* 2 (P-2). 

Then (3, 7, 7*, g, g* satisfy flU}, (USD- 
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Proof: Routine verification using Lemma 110.21 and Definition 111.11 □ 

Lemma 11.7. Let (3, 7, 7*, g, g* denote the scalars from Lemma \ll.b\ Let u, 77, 77* denote the 
scalars from K which satisfy the following (i)-(iii) . 

(i) u = (fi- 2)(2hh* - (« + v)k*). 

(ii) 77 = Kvh*(P 2 -4) + KVK*(q + q- 1 )(q-q- 1 ) 2 (q d+1 + q- d - 1 ) -h(p -2){hh* - (k + v)k*). 

(iii) rf = h*((3 - 2)((« + v)k* - Wi*). 
Then (3,"/,"/*, g,g*,u,rj,r)* satisfy^, (ED. 

Proof: In the equations of Lemma I10.4[ evaluate the right-hand sides using Definition lll.lj, 
Lemma [11.4[ Lemma [11.51 and Lemma f 11. 6 [ and then simplify the result. □ 

Note 11.8. Among the relatives of $ we find that the Leonard system <3>^ also has dual 
g-Krawtchouk type with hp = h, (h*)^ = h*, = v, (k*)^ = k* = k. 

12 The algebra U q {si 2 ) 

In the previous section we discussed Leonard systems of dual g-Krawtchouk type. We now 
turn our attention to the algebra [/ 9 (s[ 2 )- Later we will relate the Leonard systems of dual 
g-Krawtchouk type and the algebra U q (sl 2 ). 

Definition 12.1. Let U q (sl>z) denote the K-algebra with generators k ,e,f and relations 

— /c k — 1^ 
ke = q 2 ek, kf = q~ 2 fk, 
k-k- 1 



ef-fe 



q-q 1 



Lemma 12.2. [151 Theorem 2.1] The algebra Uqfelz) is isomorphic to the WL-algebra with 
generators x, y, z ±x and relations 

1, (22) 

1, (23) 



zz 1 = 


- z 


~ l z 


qxy — 




l yx 


Q- 


qr 


1 


qyz - 


<r 


1 zy 


Q ~ 


q~ 


1 


qzx — 


or 


1 xz 



q-q 1 



1, (24) 
1. (25) 



An isomorphism with the presentation in Definition \12.1\ is given by 

z ±l -> k±\ 

y — > k^ 1 — q(q — q~ l )k e, 
x ->■ &T 1 + (g — q~ v )f- 
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The inverse of this isomorphism is given by 

f (g-g- 1 )- 1 ^-^- 1 ), 

We call z ±x the equitable generators for {/^(sk). From now on we identify the versions 
of U q {slo) in Definition 112.11 and Lemma [12.21 via the isomorphism in Lemma [12.21 

We now discuss finite-dimensional {/^(s ^-modules. For an integer n we define 



Lemma 12.3. [Ml Theorem 2.6] For an integer d > and for e G { — 1, 1} i/iere exists a 
U q (sl2) -module L(d,e) with the following properties. L(d,e) has a basis {vi} d =0 such that 

kvi = tq d - 2i Vi (0 < i < d), 

fvi = [i + l] q v i+1 (0<i<d-l), fv d = 0, 

evi = e[d — i + l] q Vi-x (1 < i < d), evo = 0. 

The Uqisl?) -module L(d, e) is irreducible provided that q 2% ^ 1 for 1 < i < d. Assume q 2% ^ 1 
for 1 < i < d. Then every irreducible U q (sl 2 ) -module of dimension d + 1 is isomorphic to 
either L(d,l) or L(d, — 1). 

Lemma 12.4. [151 Lemma 4.2] For an integer d > and for e G { — 1, 1}, the U q (si2) -module 
L(d, e) has a basis {ui} d =0 such that 

exui = q d ~ 2l iii (0 < % < d), 
(ey - q 2l - d ) Ul = (q- d - q 2l+2 - d )u l+l (0 < i < d - 1), («/ - g> d = 0, 
(ez - g 2l "% = (q d - g^^H-i (1 < i < d), (ez - q- d )u = 0. 

Definition 12.5. We call the basis {ui} d =0 from Lemma [12.41 a normalized x-eigenbasis for 
L(d, e). Observe that this basis satisfies eyu = q~ d u and ezu = q d u where u = Ylt=o Ui - 

Lemma 12.6. [15j Lemma 4.2] For an integer d > and for e G { — 1, 1}, the U q (s\2) -module 
L(d,e) has a basis {ui} d =Q such that 

ey Ul = q d ~ 2l Ui (0 < z < d), (26) 
{ez - q 2i ~ d ) Ul = (q- d - q 2l+2 - d )u l+1 (0 < % < d - 1), (ez - q d )u d = 0, (27) 
(ex - q 2i - d ) Ul = (q d - q 2l - 2 - d ) Ul ^ (l<i<d), (ex - q- d )u = 0. (28) 

Definition 12.7. We call the basis {ui} d =Q from Lemma [12.61 a normalized y-eigenbasis for 
L(d, e). Observe that this basis satisfies ezu = q~ d u and exu = q d u where u = Yli=a u i- 
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Lemma 12.8. [15j Lemma 4.2] For an integer d > and for e £ { — 1, 1}, the U q (sl2) -module 
L(d,e) has a basis {ui} d =0 such that 

ezm = q d ~ 2i Ui {0<i<d), 
( ex _ q ^-d )Ui = _ q^-d) Ui+1 (0 < i < d - 1), (ex - g<% = 0, 

(ey - q 2i - d ) Ul = (q d - q^^Ui^ (l<i< d), (ey - q- d )u = 0. 

Definition 12.9. We call the basis {ui} d =0 from Lemma T12.8I a normalized z-eigenbasis for 
L(d, e). Observe that this basis satisfies exu = q~ d u and eyu = q d u where u = ^^ =0 Mi- 
Definition 12.10. HU p. 21] Let 

q~ l k + qk~ l 
(9-9 ) 

We call A the Casimir element of [/^(st). 

Lemma 12.11. [161 Lemma 2.7] The element A is central in U q (jslz)- 

Lemma 12.12. [HI Lemma 2.7] For an integer d > and /or e 6 { — 1, 1}, element A 
acfe on iae U q (sl2) -module L(d,e) as the identity times 

d+i , -d-i 

^ • (29) 
(9-9 *) 2 

For the rest of this section suppose q is not a root of unity and char(K) 7^ 2. 

Lemma 12.13. [T6l Lemma 2.7] For a// integers d > and /or a// e £ { — 1, 1}, £/ie scalars 
( 1291) are mutually distinct. 



Let M denote a finite-dimensional [^(s^-module. For an integer d > and for e £ { — 1, 1} 
let M d (E denote the subspace of M spanned by the irreducible [/g(s[ 2 )-submodules of M which 
are isomorphic to L(d,e). Observe that M^ e is a [/^(sy-submodule of M. We call M^ e the 
homogeneous component of M associated with d and e. By [161 P- 22] the homogeneous 
component M^ t is the eigenspace for A associated with eigenvalue ( 129]) . Moreover by [161 
p. 22], 

M = ^M dj£ (direct sum), (30) 

where the sum is over all integers d > and e £ { — 1, 1}. 
We emphasize one point for later use. 

Lemma 12.14. [161 Theorem 2.9] Every finite- dimensional Ug^slz) -module is semisimple. 
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13 Uqisk) and Leonard systems of dual g-Krawtchouk 
type 

In this section we display two U q (s [2) -module structures associated with a given Leonard sys- 
tem of dual g-Krawtchouk type. Prior to this display we make some comments. Throughout 
this section let V denote a vector space over K with finite positive dimension. Let A : V — > V 
denote a linear transformation. For 9 G IK define Va{9) = {wG V|Ai; = 9v}. 

Lemma 13.1. [TU Lemma 6.2] Let A : V — > V and B : V — > V denote linear transforma- 
tions. Then for all nonzero 9 G K the following are equivalent: 

(i) The expression qAB — q~ 1 BA — (q — q~ l )I vanishes on Va{9). 

(ii) {B-9- 1 I)V A (9)QV A (q- 2 9). 

Lemma 13.2. [LA Lemma 6.3] Let A : V — >■ V and B : V — > V denote linear transforma- 
tions. Then for all nonzero 9 G K the following are equivalent: 

(i) The expression qAB — q~ l BA — (q — q~ l )I vanishes on Vb{9). 

(ii) (A-9- l I)V B (9)CV B (q 2 9). 

For the rest of this section let $ denote a Leonard system on V as in Definition 13. 11 Assume 
$ has dual g-Krawtchouk type. Let h, h*,K,K*,v denote the corresponding parameters from 
Definition 111.11 We are going to define something that turns out to be unique up to sign. 
For notational convenience we fix e G {1,-1}. 

Definition 13.3. Let {Xi}f =0 denote the $^-split decomposition of V. Let {Yi}f =0 denote 
the inverted $-split decomposition of V. Let {Zi}f =0 denote the ^-standard decomposition 
of V . Define the linear transformations X, Y, Z in End(V) as follows. 

(eX - q d - 2i I)Xi = (0<i<d), (31) 
(eY - q d ' 2i I)Yi = (0 < i < d), (32) 
(eZ - q d - 2i I)Zi = (0 < i < d). (33) 

Lemma 13.4. There exists a unique L^sfe) -module structure on V such that the equitable 
generators x,y,z o/f/ g (st 2 ) act on V as X,Y,Z, respectively. 

Proof: By construction Z is invertible. We show that X, Y, Z, Z~ x satisfy the defining 
relations (|22|) -( 125|) of U q {sX-i). By construction Z,Z~ X satisfy fT22|) . Next we show that Y, Z 
satisfy ( |24|) . Since {Zi}f =0 is the ^-standard decomposition of V, we have (A* — 9*I)Zi = 
for < i < d. Using ( 1191) to compare this with ( 1331) we find 

eZ = n*~\A* - h*I). (34) 

By (J7J) and since [Yi}f =0 is the inverted $-split decomposition of V, we have {A* — 9* d _ i I)Y i = 
Y i+1 for < i < d- 1 and (A* -9*I)Y d = 0. By this, JTSJ and flMJ we have (eZ -q 2i - d I)Yi = 
Y i+1 for < i < d — 1 and [eZ — q d I)Y d = 0. By this, Lemma 113.11 and since [Yi} d =0 is 
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a decomposition of V, we obtain that Y, Z satisfy (1241) . Next we show that Z, X satisfy 
(125]) . By applying (jTJ) to $^ and since {Xj}f =0 is the <3H--split decomposition of V, we have 
(A* - e^^Xi = X^ foil<i<d and (A* - 6*I)X = 0. By this, (JTSJ and §^ we have 
(eZ - q 2i - d I)Xi = X^ for 1 < % < d and (eZ - q- d I)X = 0. By this, Lemma MM and 
since {Xj}^ =0 is a decomposition of V, we obtain that Z, X satisfy f[2"5l) . Next we show that 
X, K satisfy (J23]). By construction Z { = E*V for < i < d. By © and since {Yi}f =0 is the 
inverted $-split decomposition of V, we have EiV + E i+ \V + • • • + = Y"o + Yl + • • • + Yd-i 
for < i < d. Now for < i < d we have 

X, = (E*V + E*_ 1 V + --- + E*_ i V)n(E i V + E i+1 V + --- + E d V) 

= (Z d + Z d „ 1 + --~ + Z d _ i )n(Y + Y 1 + --- + Y d _ i ). (35) 

By ([MD and Lemma[H21 we have (eY-q 2i - d I)Zi C Z»_i for 1 < i < d and (eK-g^/)^ = 0. 
Combining this with ([32]) and ([35]), we have (eY - q 2i - d I)Xi C X m for < i < d - 1 and 
(eY~ - q d I)X d = 0. By this, Lemma MM and since {Xj}^ =0 is a decomposition of V, we ob- 
tain X, Y satisfy (1231) . We have now shown that X, Y~, Z, Z~ l satisfy the relations (!22]) - (l25|) . 
Therefore there exists a U q (s [2)- module structure on V such that 2, y, z act on V as X, Y", Z, 
respectively. This t/ g (sl 2 ) -module structure is unique since x, y,z ±l generate t/ g (sl 2 ). □ 

We now display the second L r g (sl2)-module structure on V. 

Definition 13.5. Let {Xf}f =0 denote the ^-split decomposition of V. Let {Y^}f =0 de- 
note the inverted $"^-split decomposition of V. Define the linear transformations X^, Y^ in 
End(K) as follows. 

(eX^ - q d - 2l I)Xf = (0<i<d), 
(eY~^ - q d - 2i I)Y^ = (0 < i < d). 

Lemma 13.6. There exists a unique U q (sl2) -module structure on V such that the equitable 
generators x,y,z of U q {s\2) act on V as X^,Y^, Z , respectively. 

Proof: Recall that the Leonard system <3>^ has dual g-Krawtchouk type. Apply Lemma \1 3 .41 
to □ 



Lemma 13.7. The U q (s\2) -module V from Lemma\13.J\ is isomorphic to L(d,e 



Proof: By construction Z is diagonalizable on V. By this and [TH] Theorem 2.9] we find that 
V is a direct sum of irreducible [7 g (sl2)-submodules of V. Observe that Z is diagonalizable 
on each [7 g (sl2)-module in the sum. By construction eq d is an eigenvalue of Z. By these 
comments there exists a [/^(sy-submodule W of V in the sum such that eq d is an eigenvalue 
for Z on W. By Lemma lll.3f i) and Lemma 112.81 any irreducible [^(s^-module that has 
eq d as an eigenvalue for Z has dimension at least d+l. Therefore V = W . By Lemma [12.31 
the t/ g (s[ 2 ) -module V is isomorphic to L(d,e). □ 

Lemma 13.8. The U q (s\2) -module V from Lemma [13.b\ is isomorphic to L(d,e). 
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Proof: Recall that the Leonard system <3>^ has dual g-Krawtchouk type. Apply Lemma 113.71 
to □ 



Lemma 13.9. For the U q (s\2) -module structure on V from Lemma \13.4\ the following co- 
incide: 

(i) The inversion of a normalized $ -split basis for V . 

(ii) A normalized y-eigenbasis for the V r g (sfe) -module V . 

Proof: Let {ui}f =0 denote a basis for V. Recall the $-split decomposition {Ui}f =Q of V from 
g]). By construction Y { = U d - t (0 < i < d) and Z d = E* d V . By this and Lemma EM the 
sequence {ui}f =0 is the inversion of a normalized $-split basis for V if and only if Ui G Y% 
(0 < % < d) and (eZ — q~ d I) Ylt=o u i = 0- ^y comparing this to f )26|) and the comment in 
Definition \12.7\ the sequence {wj}f =0 is the inversion of a normalized $-split basis for V if 
and only if it is a normalized F-eigenbasis for the ?7 g (5[2)-module V. □ 



Lemma 13.10. For the Jj ^(s^) -module structure on V from Lemma \13.6] the following 
coincide: 

(i) The inversion of a normalized $^ -split basis for V . 

(ii) A normalized y-eigenbasis for the V "^(s^) -module V . 

Proof: Recall that the Leonard system $^ has dual g-Krawtchouk type. Apply Lemma 113.91 
to □ 

Recall our Leonard system $ = (A; {Ei}f =Q ; A*; {E*}f =0 ). We now show how A, A* are 
related to the maps X, Y, Z from Definition 113.31 

Lemma 13.11. The maps A, A* can be expressed in terms ofX,Y,Z as follows. 

A — hl + 6kX + evY, (36) 
A* = h*l + eK*Z. (37) 

Proof: Line ( 1371) follows from ( 1M1) . It remains to show that ( 136]) holds. Let {ui}f =0 denote 
the inversion of a normalized $-split basis for V. By Lemma 113.91 this is also a normalized 
F-eigenbasis for the U q {s\2) -module V from Lemma [13.41 Now compare the action of each 
side of (|36|) on the basis {ui}f =0 as follows. Let i be given. On the left-hand side evaluate 
Aui using Lemma IHT1 On the right-hand side evaluate (hi + enX + evY)ui using (|26l) . (|28|) . 
By comparing the result using (TI51) . (|2"U1) and Lemma [11.2( ii). we find that both sides are 
equal. Therefore (f3"6"|) holds. □ 

Next we show how A, A* are related to the maps X^, Y^ from Definition 113.51 and the map 
Z from Definition 113.31 
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Lemma 13.12. The maps A, A* can be expressed in terms of X^,Y^, Z as follows. 

A — hl + enY* + evX^, 
A* = h*l + 6K*Z. 

Proof: Recall that the Leonard system $^ has dual g-Krawtchouk type. Apply Lemma f!3. Ill 
to $^ and use Note 111.81 to obtain the result. □ 

We now express X, Y, Z in terms of A, A*. The expressions will involve the inverse of A* — h*I. 
We take a moment to verify that the inverse exists. 

Lemma 13.13. The eigenvalues of A* — h*I are n*q d ~ 2t (0 < i < d). Moreover A* — h*I is 
invertible. 

Proof: By construction A* — h*I is diagonalizable with eigenvalues 9* — h* (0 < i < d). 
By (fl9l) we have 8* — h* = K*q d ~ 2t (0 < i < d) so these scalars are all nonzero. By these 
comments A* — h*I is invertible. □ 

Lemma 13.14. The maps X,Y,Z can be expressed in terms of A, A* as follows. 

qB - q- 1 B*BB*- 1 k*^" 1 - vq)B*- 1 
nq l {q z — q z ) K{q + q i j 



qB*~ l BB* — q~ x B n*(Kq - vq'^B*- 1 



nq(q 2 - q~ 2 ) n(q + q- 1 ) 



(39) 



^ = qB - q^B^BB* + tCjvq^ 1 — Kq)B*~ 1 
vq^ 1 (q 2 — q~ 2 ) v(q + q^ 1 ) 

qB*BB*- 1 - q~ x B + K*(vq - nq- l )B*- 1 
vq(q 2 — q~ 2 ) v(q + q^ 1 ) 

eZ = k^B*, (42) 

where B = A - hi and B* = A* - h*I. 
Proof: By Lemma [13.111 

B = 6kX + evY, B* = en*Z. (43) 
Thus (g2]) holds. Next we show that ([38]), (ESJ) hold. To do this we claim 

. qXZ-q^ZX qBB* - q^B*B 

KK — h VKj I = — : . (44) 

q — q q — q 



To prove the claim we evaluate B, B* using ([43]) and simplify the result using ([24"]) . By ([25 

qZX - q~ l XZ 



q-q 1 



(45) 
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Now view (j44p and f|45l) as a system of linear equations in XZ and ZX. Solving the system 
we have 

xz = q 2 BB* - B*B + K£^-vq 

KK*(q 2 — q~ 2 ) ^(q + q~ l ) ' 
„ v BB*-q- 2 B*B nq-vq- 1 r , . 

KK*(q z — q z ) K{q + q i j 

In ( I46p multiply each side on the right by Z^ 1 and evaluate Z using (|42|) to obtain (1381) . In 
(|47|) multiply each side on the left by and evaluate Z using (l4"2l to obtain (|39|) . Next 
we show that (HDD, (PEE]) hold. To do this we claim 



, qZY-q-'YZ qB*B - q~ l BB* 
K v — h KK I = . (48) 

q — q q — q 

To prove the claim we evaluate B, B* using (fl3"]) and simplify the result using (125]) . By (124]) . 

" YZ - 0-\ ZY = /. (49) 
q-q- 1 

Now view ( BBi) and (J49J as a system of linear equations in ZY and FZ. Solving the system 
we have 

q 2 B*B — BB* vq- l -Kq T 
VK*{q z — q z ) v{q + q i j 

rZ= ^ +? V, (51 ) 
VK*{q z — q l ) v{q + q L ) 

In (1501) multiply each side on the left by Z _1 and evaluate Z using (T421) to obtain (pjOj. In 
(l5Tj) multiply each side on the right by Z~ x and evaluate Z using (T42l to obtain (j4"Tl) . □ 

Next we express X^, Y^ in terms of A, A* 

Lemma 13.15. The maps X^Y^ can be expressed in terms of A, A* as follows. 

^ = gB - q- 1 B*BB*- 1 + K*{vq- 1 - nq)B*- 1 
vq~ 1 {q 2 — q~ 2 ) v(q + q~ 1 ) 

qB*~ 1 BB* — q~ x B K*(vq - nq-^B*' 1 



vq(q 2 — q 2 ) v(q + q x ) 

„ _ qB-q- l B*- l BB* K*{Kq- 1 - vq)B*- 1 
-i — I / 5 ~~ o\ 1 7 T\ l" 3 ^/ 

ftg l (q z — q A ) K{q + q i ) 



qB * BB *-i _ q -i B ^{Kq-vq-^B*- 1 



nq(q 2 — q 2 ) n(q + q x ) 

where B = A - hi and B* = A* - /i*J. 

Proof: Recall that the Leonard system $^ has dual g-Krawtchouk type. Apply Lemma f!3. 141 
to $^ and use Note II 1.81 to obtain the result. □ 

We comment on how the two i7 g (s ^-module structures are related. 
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Lemma 13.16. The Uqis^) -module structure from Lemma \13.J\ and the Uqisl?) -module 
structure from Lemma \13.6i are related as follows. 

= kv~ 1 X + (1 - kv'^Z- 1 , (54) 
Y li - = vK- 1 Y + {l-vK- 1 )Z- 1 . (55) 

Proof: To verify (154"|) evaluate X, Z,X^ using fl38|) . (Jl2l) and (J5"2"j) . respectively, and simplify 
the result. To verify fl55l) evaluate Y,Z,Y^ using (JiOj) . (JI2"]) and (153]) . respectively, and sim- 
plify the result. □ 

We summarize this section with the following theorems. 

Theorem 13.17. Let $ denote a Leonard system on V as in Definition \3. 11 Assume $ 
has dual q-Krawtchouk type. Let X, Y, Z denote the corresponding elements from Definition 
\13.3[ Then the following (i)-(iii) hold. 

(i) There exists a unique U q {si2) -module structure on V such that the equitable generators 
x,y,z of U q (sl 2 ) act on V as the maps X,Y,Z, respectively. 

(ii) The U q {s\'i) -module V is isomorphic to L(d,e). 

(iii) The inversion of a normalized Q-split basis for V coincides with a normalized y- 
eigenbasis for the U q (sl 2 ) -module V. 

Proof: Combine Lemma [13.41 and Lemma [13.91 □ 



Theorem 13.18. Let $ denote a Leonard system on V as in Definition \3.1[ Assume $ has 
dual q-Krawtchouk type. Let X^, Y^ denote the corresponding elements from Definition \13.5\ 
and let Z denote the corresponding element from Definition \13.3\ Then the following (i)-(iii) 
hold. 

(i) There exists a unique [/^(sfe) -module structure on V such that the equitable generators 
x,y,z ofU q {s\2) act on V as the maps X^,Y^,Z, respectively. 

(ii) The U q (sl2) -module V is isomorphic to L(d,e). 

(iii) The inversion of a normalized ^ -split basis for V coincides with a normalized y- 
eigenbasis for the U q (sl2) -module V. 

Proof: Combine Lemma [13.61 and Lemma [13. 101 □ 



Theorem 13.19. Let $ denote a Leonard system on V as in Definition \3.1\ Assume $ 
has dual q-Krawtchouk type. Let h, h* , k, k* ,v denote the corresponding parameters from 
Definition \11.1\ Then there exists a unique Uqisi-z) -module structure on V such that on V , 

A = hi + ekx + evy, 

A* = h*l + €K*Z, 

where x, y, z are the equitable generators for t/ g (5[ 2 ). This Uqfeh) -module structure coincides 



with the U q (sl 2 ) -module structure from Theorem\13.11 
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Proof: The existence follows from Lemma 113.41 and Lemma 113.111 The uniqueness follows 
from Lemma [13.141 and since x,y,z ±1 generate Uq(slz). □ 

Theorem 13.20. Let $ denote a Leonard system on V as in Definition \3.1\ Assume $ 
has dual q-Krawtchouk type. Let h, h* , k, k* ,v denote the corresponding parameters from 
Definition ! 11. 11 Then there exists a unique U q (sl 2 ) -module structure on V such that on V , 

A = hi + eny + evx, 
A* = h*l + eK*z, 

where x, y, z are the equitable generators for U q (s\2). This U q (s\2) -module structure coincides 
with the U q (sl2) -module structure from Theorem \13.18i 

Proof: Recall that the Leonard system has dual g-Krawtchouk type. Apply Theorem 
113. 191 to and use Note [TL8]to obtain the result. □ 



14 Distance-regular graphs; preliminaries 

We now turn our attention to distance-regular graphs. After a brief review of the basic 
definitions we recall the subconstituent algebra and the Q-polynomial structure. For more 
information we refer the reader to [21 SJ [TOl [22] ■ 

Let X denote a nonempty finite set. Let Matx(C) denote the C-algebra consisting of the 
matrices with entries in C, and rows and columns indexed by X. Let V = C x denote the 
vector space over C consisting of the column vectors with entries in C and rows indexed by 
X. Observe that Matx(C) acts on V by left multiplication. We call V the standard module 
of Matx(C). We endow V with the Hermitean inner product ( , ) that satisfies (u,v) = u l v 
for u,v G V, where t denotes transpose and _ denotes complex conjugation. For all y G X, 
let y denote the element of V with a 1 in the y coordinate and in all other coordinates. 
Observe that {y | y e X} is an orthonormal basis for V. 

Let T = (X, R) denote a finite, undirected, connected graph, without loops or multiple 
edges, with vertex set X, edge set R, path-length distance function d, and diameter D := 
max{<9(a;, y)\x, y G X}. For x G X and an integer i (0 < i < D) let Ti(x) = {y G X\d(x, y) = 
i}. We abbreviate T(x) = Ti(x). For an integer k > we say T is regular with valency k 
whenever |r(x)| = k for every iGl. We say T is distance-regular whenever for all integers 
h,i, j (0 < h,i,j < D) and for all vertices x,y G X with d(x,y) = h, the number 

is independent of x and y. The constants pfj are called the intersection numbers of T. We 
abbreviate q = p\i_i (1 < % < D), b{ = p\ i+ i (0 < i < D — 1), Oj = p l u (0 < % < D), and 
c = 0, b D = 0. 

For the rest of the paper assume T is distance-regular with D > 3. Observe that T is regular 
with valency k = bo- Moreover k — Ci + dj + bi for < i < D. By the triangle inequality, 



27 



for < h, i, j < D we have = (resp. p^ ^ 0) whenever one of h,i,j is greater than 
(resp. equal to) the sum of the other two. In particular c« ^ for 1 < i < D and bi ^ for 
< i < D- 1. 

We recall the Bose-Mesner algebra of T. For < i < D let Ai denote the matrix in Matx(C) 
with (x, y)-entry 

{Ai) xy = J 1 ' * = * (, )2/G X). 

We call the ith distance matrix of T. We abbreviate A — A\ and call this the adjacency 
matrix of T. Observe that (ai) A = I; (aii) J = J^iLo^i] (aiii) Ai = Ai (0 < i < D); (aiv) 
A\ = Ai (0 < i < D)- (av) AJ^ = T,h=oPij A h (0 < i,j < D), where / (resp. J) denotes 
the identity matrix (resp. all l's matrix) in Matx(C). Using these facts we find {Ai}f =Q is a 
basis for a commutative subalgebra M of Matx(C). We call M the Bose-Mesner algebra of 
r. By [21 p. 190] A generates M. By [U p. 45] M has a second basis {E,i}f =Q such that (ei) 
E = IX]- 1 J; (eii) / = Eto^i! ( eiii ) ^ = (0 < i < D); (eiv) £* = ^ (0 < i < D); (ev) 
EiEj = 5ijEi (0 < i,j < D). We call {Ei]f =0 the primitive idempotents of T. 

We recall the eigenvalues of V. Since {-Ej}^L f° rm a basis for M, there exist complex scalars 
{6i]f =0 such that A = ^2f =Q 0iEi. Combining this with (ev) we find AEi = EiA = QiEi for 
< i < D. We call 0, the eigenvalue of V associated with Ei. By [21 p. 197] the scalars 
{9i}f = Q are in M.. The {^j^Q are mutually distinct since A generates M. By (ei) we have 
9 = k. By (eii)-(ev), 

V = EqV + EiV + h E D V (orthogonal direct sum). 

For < i < D the space EiV is the eigenspace of A associated with 9i. Let m« denote the 
rank of Ei and note that m ; is the dimension of EiV. We call m, the multiplicity of Ei (or 

We recall the Krein parameters of T. Let o denote the entrywise product in Matx(C). 
Observe that Ai o Aj = 5ijAi for < i, j < D, so M is closed under o. Thus there exist 
complex scalars q^ (0 < h,i,j < D) such that 

D 

Ei o Ej = ixr 1 4E h (0 < i,j < D). 

h=0 

By [31 p. 170], q^j is real and nonnegative for < h, i,j < D. The are called the Krein 
parameters of T. 

We recall the dual Bose-Mesner algebra of T. For the rest of this section we fix a vertex 
x G X. We view i as a "base vertex". For < i < D let E* — E*(x) denote the diagonal 
matrix in Matx(C) with (y, y)-entry 

«> ra = C * = ! (v^y (56) 
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We call E* the ith dual idempotent of T with respect to x [221 P- 378]. Observe that 
(esi) / = E?= E*; (esii) Ef = E* (0 < % < D); (esiii) Ef = E* (0 < i < £>); (esiv) 
E*E* = 5ijE* (0 < i,j < D). By these facts {E*}f =0 form a basis for a commutative 
subalgebra M* = M*(x) of Matx(C). We call M* the dim/ Bose-Mesner algebra of T with 
respect to x [221 P- 378]. For < i < D let A* = A*(x) denote the diagonal matrix in 
Mat*(C) with (y,y)-entry (A*) ra = \X\(Ei) xy for j/el Then {A*}fL is a basis for M* 
[221 p. 379]. Moreover (asi) A* = I; (asii) A* = A* (0 < i < D); (asiii) — A* (0 < i < D); 
(asiv) A* A* = ^=0^3 A l (° <h3<D) [221 P- 379]. We call {A*h=o the dual distance 
matrices of T with respect to x. 

We recall the sub constituents of T. From ( 1561) we find 

£;*y = span{y|y G X, y) = i} (0 < i < D). (57) 

We call E^V the ith subconstituent of T with respect to x. By f l57]) and since | ?/ G X} is 
an orthonormal basis for V we find 

V = EqV + E[V H (orthogonal direct sum). 

We recall the subconstituent algebra of T. Let T = T(x) denote the subalgebra of Matx(C) 
generated by M and M* . We call T the subconstituent algebra (or Terwilliger algebra) of 
T with respect to a: [22l Definition 3.3]. Observe that T has finite dimension. Moreover 
T is semisimple since it is closed under the conjugate transpose map [HI p. 157]. By [221 
Lemma 3.2] the following are relations in T. 

E* h A t E* = iff p*=0, (0<h,i,j<D), (58) 
S h A?% = iff 4 = 0, (0</M,j<£>)- (59) 

We recall the Q-polynomial property. The graph T is said to be Q -polynomial (with respect 
to the given ordering {Ei\f =Q of the primitive idempotents) whenever for < h,i,j < D, 
= (resp. ^ 0) whenever one of h,i,j is greater than (resp. equal to) the sum of the 
other two p. 235]. 

For the rest of this section assume F is Q-polynomial with respect to {Ei\f =0 . We abbreviate 
c* = q\^ x (1 < i < D), b* = q{ i+1 (0 < i < D-l), a* = ^ (0 < i < D), and c* = 0,b* D = 0. 
We call the sequence {6i\f =0 the eigenvalue sequence for this Q-polynomial structure. We 
abbreviate A* = A\ and call this the dual adjacency matrix of V with respect to x. The 
matrix A* generates M* [221 Lemma 3.11]. Therefore A, A* together generate T. 

By (EE]), (EED) we have 

E*AE* = if |z-j|>l, (60) 
E^4*£, = if \i-j\>l 

for < z, j < D. 

We recall the dual eigenvalues of V. Since {E*}f =Q form a basis for M* there exist complex 
scalars {6*}? =0 such that A* = J2?=o d * E i- Comb 

ining this with (esiv) we find A*E* = 
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E*A* = 9*E* for < i < D. By [221 Lemma 3.11] the scalars {9*}f =0 are in R. The scalars 
{6*}fL are mutually distinct since A* generates M*. We call 6* the dual eigenvalue of T 
associated with E* (0 < i < D). We call the sequence {6*}f =0 the dual eigenvalue sequence 
for the given Q-polynomial structure. By jU Lemma 2.21(H)], 8q = mi. For < i < D the 
space E*V is the eigenspace of A* associated with 9*. 

Recall the tridiagonal relations from Lemma 110.11 

Lemma 14.1. J2H Lemma 5.4] There exist unique scalars /3,7, 7*, g, g* in C such that both 

[A, A 2 A* - j3AA*A + A* A 2 - j(AA* + A* A) - gA*] = 0, (61) 
[A*, A* 2 A - f3A*AA* + AA* 2 - ^(A*A + AA*) - g*A] = 0. 

Lemma 14.2. [233 Lemma 5.4] The scalars ,5,7,7*, £?> Q* from Lemma \14-1\ satisfy the fol- 
lowing (i)-(v). 

(i) The expressions 

n n ' 0*0* 

are both equal to (3 + 1 for 2 < i < D — 1 . 

(ii) 7 = Oi-i - POi + e i+1 (i<i<d-i). 

(hi) 7* = ^-1 - + (1 < i < D - 1). 

(iv) f? = eu - pe^Oi + ^ 2 - 7(^-1 + ^) (1 < « < 

(v) g* = Qf_i ~ POUn + Of - l\9U + m (l<i<D). 

We recall the T-modules. By a T-module we mean a subspace W O V such that C 
for all B G T. Let denote a T-module and let W denote a T-module contained in W . 
Then the orthogonal complement of W in W is a T-module [U p. 802]. It follows that 
each T-module is an orthogonal direct sum of irreducible T-modules. In particular V is an 
orthogonal direct sum of irreducible T-modules. 

Let W denote an irreducible T-module. Observe that W is the direct sum of the nonzero 
spaces among E^W, . . . , E^W. Similarly W is the direct sum of the nonzero spaces among 
E W, . . . , E D W. By the endpoint of W we mean min{i|0 < i < D, E*W 7^ 0}. By the 
diameter of W we mean |{i|0 < % < D, E*W 7^ 0}| — 1. By the dual endpoint of W we 
mean min{i|0 < i < D, EiW 7^ 0}. By the dual diameter of W we mean \{i\0 < i < 
D, E{W 7^ 0}| — 1. It turns out that the diameter of W is equal to the dual diameter of W 
[T9l Corollary 3.3]. By [221 Lemma 3.9, Lemma 3.12] dim. E*W < 1 for < i < D if and 
only if dim EiW < 1 for < i < D; in this case W is called thin. F is called thin (with 
respect to x) whenever all of its irreducible T-modules are thin. 

Lemma 14.3. [221 Lemma 3.4, Lemma 3.9, Lemma 3.12] Let W denote an irreducible T- 
module. Letr,t,d denote the endpoint, dual endpoint, and diameter of W, respectively. Then 
r, t, d are nonnegative integers such that r + d < D and t + d < D . Moreover the following 
(i)-(iv) hold. 
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(i) E*W /Oi/ and only ifr<i<r + d, (0<i<D). 

(ii) W = Ylh=oE* + hW (orthogonal direct sum). 

(iii) EiW ^ if and only ift<i<t + d, (0 < % < D). 

(iv) W = Ylh=oEt+hW (orthogonal direct sum). 

Lemma 14.4. [71 Lemma 4.1, Lemma 8.7] Let W denote a thin irreducible T -module. Let 
r, t, d denote the endpoint, dual endpoint, and diameter of W , respectively. For any nonzero 
u G E t W , the sequence {E* +i u}f =0 is a basis for W . Consider the matrices in Matd+i(C) that 
represent A and A* with respect to this basis. The matrix representing A is irreducible tridi- 
agonal with constant row sum 9 t , and the matrix representing A* is diag( 



3* ft* 



Definition 14.5. [7J Definition 8.2] Let W denote a thin irreducible T-module. Let r,t,d 
denote the endpoint, dual endpoint, and diameter of W, respectively. By a standard basis 
for W we mean a sequence {E* +i u}f =0 where u is a nonzero vector in E t W . The matrix in 
Matd + i(C) that represents A with respect to a standard basis will be denoted 



/ a (W) b (W) 
Cl (W) ai (W) 
c 2 (W) 



h(W) 



c d {W) 



o \ 



b d -i(W) 
a d (W) 



(62) 



We call the matrix 



the intersection matrix of W . 



Lemma 14.6. [7J Lemma 4.2, Lemma 8.8] Let W denote a thin irreducible T-module. Let 
r, t, d denote the endpoint, dual endpoint, and diameter of W , respectively. For any nonzero 
v G E*W , the sequence {E t+i v}f =0 is a basis for W . Consider the matrices in Mat,i + i(C) 
that represent A and A* with respect to this basis. The matrix representing A* is irreducible 
tridiagonal with constant row sum 9*, and the matrix representing A is diag(6^, 6t+i, • • • , Ot+d) ■ 

Definition 14.7. [7J Definition 8.2] Let W denote a thin irreducible T-module. Let r,t,d 
denote the endpoint, dual endpoint, and diameter of W, respectively. By a dual standard 
basis for W we mean a sequence {E t+ iV }f =0 where v is a nonzero vector in E*W. The matrix 
in Mat<2 + i(C) that represents A* with respect to a dual standard basis will be denoted 



f a* (W) b* (W) 
c\(W) a\(W) 
c*(W) 



b\{W) 



c* d (W) 



\ 



a* d (W) 



(63) 



We call the matrix ( 163]) the dual intersection matrix of W. 
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Lemma 14.8. Let W denote a thin irreducible T -module. Let r,t,d denote the endpoint, 
dual endpoint, and diameter of W , respectively. Then the sequence 

$ = (A\w; {Et+i\w}i=o'i A*\ w ; {E*+i\w}i=o) 

is a Leonard system on W . The intersection matrix of <£> from Definition \9.1\ coincides with 
the intersection matrix of W from f )62|) . The dual intersection matrix of $ from Definition 
\9.2\ coincides with the dual intersection matrix of W from (I6"3"j) . 

Proof: The first assertion follows from Lemma 114.41 and Lemma 114.61 The intersection ma- 
trix of $ coincides with ( 16"2"j) because a ^-standard basis for W is a standard basis for the 
T-module W. The dual intersection matrix of <£> coincides with ( I63p because a $*-standard 
basis for W is a dual standard basis for the T-module W. □ 



Lemma 14.9. Let W denote a thin irreducible T-module. Then there exist scalars lo = 
u(W),T) = T)(W),rj* = rf{W) in C such that both 

A 2 A* - j3AA*A + A* A 2 - ^{AA* + A* A) - qA* = ^*A 2 + uA + V I, (64) 
A* 2 A - f3A*AA* + AA* 2 - 7* {A* A + AA*) - g*A = + uA* + V *I (65) 



on W . In the above equations, the scalars 0, 7, 7*, g, g* are from Lemma\14- 1 



Proof: Apply Lemma 110.31 to the Leonard system from Lemma 114.81 □ 

For notational convenience let 8-1 and 9d+i (resp. Q*_\ and 9* D+1 ) denote the scalars in K 
which satisfy Lemma [14.2( ii) (resp. Lemma [14.2( iii)) for i = and i = D. 

Lemma 14.10. Let W denote a thin irreducible T-module. Let r,t,d denote the endpoint, 
dual endpoint, and diameter of W , respectively. Let u,r),r)* denote scalars in C. Then 
u,r),r)* satisfy fl64"]) . f )65|) if and only if the following (i)-(iv) hold. 

(i) u = OiW^-^J+o,-^^!-^) -7(^ + 5^) (1 <i < d). 

(h) u = a*{w){e w -e t+i+x )+au{w){e t ^ l -e t ^ 2 )- 1 \e t+i +e t+i ^) {i<%< d). 

(iii) 77 = a*{W){9 t+i - 0i+i-i){0tH - 9 t+i+l ) - Y0 2 t+i - tu9 t+l (0 < i < d). 

(iv) V * = ai (WM +i - - 9 r+i+l) - T°%4 - ^ (° ^ ^ d )- 

Proof: Apply Lemma 110.41 to the Leonard system from Lemma 114.81 □ 
We will be discussing the center of T, denoted Z(T). 

Lemma 14.11. Suppose V is thin. Then there exist elements Q,G,G* of Z(T) with the 
following property. For every irreducible T-module W , the elements Q, G, G* act on W as 
u)I,r)I,7)*I where u> = u(W),r] = r](W),r]* = r]*(W) are from Lemma \14-9\ 
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Proof: Let {Wj}" =1 denote a full set of mutually nonisomorphic irreducible T- modules. For 
1 < i < n let Vi denote the subspace of V spanned by the irreducible T-modules that are 
isomorphic to Wj. Observe that each Vi is a T-sub module of V. By construction 

V = V 1 + V 2 -\ VV n (direct sum). 

There exists matrices Q, G, G* in Mat x (C) that act on Vi as u)(Wi)I, T}(Wi)I, f]*(Wi)I, re- 
spectively for 1 < i < n. Now consider our irreducible T-module W. By construction 
there exists an integer j such that W is contained in Vj. Therefore Q, G, G* act on W as 
u(Wj)I,r](Wj)I,r]*(Wj)I, respectively. In particular Q, G, G* act on W as scalar multiples 
of / and leave W invariant. By this and a similar argument to the proof of [T3| Lemma 12.1], 
each of Q, G, G* is in Z(T). Since the T-module W is irreducible and is contained in Vj, the T- 
modules W, Wj are isomorphic. Therefore u{W) = cu(Wj),r)(W) = T)(Wj),T)*(W) = rj*(Wj). 
By these comments the Q, G, G* act on W as u(W)I, rj(W)I, rj*(W)I, respectively. □ 



Lemma 14.12. Suppose T is thin. Let /3,j,j*,q, g* denote the scalars from Lemma \14-1 
Let Q,G,G* denote the elements of T from Lemma \14-ll\ Then both 

A 2 A* - (3AA*A + A* A 2 - -f{AA* + A* A) - gA* = 7* A 2 + QA + G, (66) 
A* 2 A - (3A*AA* + AA* 2 - ^*{AA* + A* A) - g*A = + QA* + G*. (67) 

Proof: Write V as a direct sum of irreducible T-modules. By Lemma 114. 91 and Lemma 114. 11[ 
lines fl66|) . f )67|) hold on each irreducible T-module in the sum. Therefore lines (166]) . flBT|) hold 
on V. □ 



We mention a result about Z(T) for later use. 

Lemma 14.13. Let C denote an element in Z(T). Then for vertices y,z G X 

C yz ^0 -»■ d(x,y) = d(x,z). 

Proof: Assume C yz 7^ 0. Let i = d(x,y) and j = d(x,z). We show i = j. Suppose 
i ^ j. Since E*C = CE* and E*E* = 0, we have E*CE* = E*E*C = 0. However 
(E*CE*) yz = (E*) yy Cy Z (E*) zz = Cy Z 7^ 0, a, coiA i d,&ict ion . Therefore i — j. □ 



15 Near polygons 

We continue to discuss the distance-regular graph T from Section [TH In this section we 
consider the case in which T is a near polygon. A clique in T is called maximal whenever it 
is not properly contained in another clique. 

Definition 15.1. [U p. 198] The graph T is called a near polygon whenever the following 
two axioms hold. 

(NP1) There are no induced subgraphs of shape K\ 2,i- 
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(NP2) For a vertex x in X and a maximal clique M of V with d(x, M) < D, there exists a 
unique vertex in M nearest to x. 

Definition 15.2. [U p. 198] Suppose T is a near polygon. Then T is called a near n-gon, 
where n = 2D + 1 if there is a vertex at distance D from some maximal clique, and n = 2D 
otherwise. 

Lemma 15.3. [4, Theorem 6.4.1] The graph Y is a near polygon if and only if the axiom 
(NP1) holds and Oj = aiQ for 1 < i < D — 1. In this case Y is a near (2D + l)-gon if 
(id 7^ OiC_d and a near 2D-gon if do = aiCo- 

Lemma 15.4. [4, p. 200] Assume Y is a near polygon. Then each edge in Y is contained in 
a unique maximal clique, and this clique has cardinality a\ + 2. 

Lemma 15.5. Assume Y is a near polygon. Fix x G X. Fix adjacent y,z G X such that 
d(x, y) — d(x, z) — 1. Define i = d(x,y) . Then 

Ti(x) n r( y ) n r(*) = 0, \r i+1 (x) nr( y ) nr{z)\ = ai . (68) 

Proof: Since y, z are adjacent, we have |r(y)nr(z)| = a x . Since d(x, y) — i and d(x, z) = 
we have T(y) nF(z) C T^x) U T i+1 (x). By these comments 

\Ti(x) n r(y) n r(z)| + |r i+1 (x) n r( y ) n r(z)| = \r{ y ) n r(z)| = ai . 

By this it suffices to show that Tj(a;) D T(y) n T(z) = 0. Suppose there exists a vertex 
10 G r^x) PI r(y) PI r(z). Let C denote a maximal clique of T that contains y,z. Observe 
that w G C by (NP1). By construction d(x,C) = i. By (NP2) there exists a unique vertex 
in C at distance i from x. However y, w are distinct vertices in C at distance z from x, a 
contradiction. The result follows. □ 

We recall some definitions for future use. 

Definition 15.6. J3TJ Definition 3.1] Assume T is a near polygon. A subgraph H of T is 
called weak-geodetically closed whenever for all x,y G H and for all z G X 

d(x, z) + d(z, y) < d(x, y) + 1 — > z G H. 

Lemma 15.7. Assume T is a near polygon. Let H denote a weak-geodetically closed subgraph 
ofY. For all x,y G H we have 

d(x,y) (in H) = d(x,y) (in Y). 

Proof: Clear. □ 

Definition 15.8. [SJ p. 145] Assume T is a near polygon. A subgraph Q of Y is called a 
quad whenever Q has diameter 2 and Q is weak geodetically-closed. 
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16 Dual polar graphs 



In this section we discuss a type of near polygon called a dual polar graph. Let b denote 
a prime power. Let F& denote the finite field of order b. Let U denote a finite-dimensional 
vector space over endowed with one of the following nondegenerate forms. 



name 



C D (b) 
B D {b) 
D D (b) 



2 a 2D (q) 



dim U 



form 



2D symplectic 1 
2D + 1 quadratic 1 
2D quadratic 
(Witt index D) 
2 D D+1 (b) 2D + 2 quadratic 

(Witt index D) 
2D + 1 Hermitean (b = q 2 
2 A 2 D-i(q) 2D Hermitean (b = q 2 

A subspace W of U is called isotropic whenever the form vanishes completely on W. By [6j 
Theorem 6.3.1], each maximal isotropic subspace of U has dimension D. Define a graph as 
follows. The vertex set consists of the maximal isotropic subspaces of U. Vertices y, z are 
adjacent whenever dim(y Hz) = D — 1. By [4, p. 274] this graph is distance-regular and has 
diameter D. By [U p. 276] for vertices y, z we have d(y, z) = D — dim(y n z). We call this 
graph the dual polar graph associated with U. 

For the rest of the paper assume T is a dual polar graph. In the next few lemmas we recall 
some basic data about Y. 

Lemma 16.1. [U Theorem 9.4.3] The intersection numbers Ci,b{ ofT are given by 

b i_ 1 h i+e( h D^ _ j\ 



1 6-1 

In particular the valency k = 



b is 



k 



b-1 



b e (b D - 1) 
b-1 



(0 < i < D) 



Corollary 16.2. The intersection numbers dj ofT are given by 

(b e - 1)^-1) 
ai = ^ 1 (0 < i < D). 

Proof: Use Lemma [16.11 and a,i = k — C{ — 6j. 



□ 



Lemma 16.3. [6, Proposition 10.4.1] The graph T is a near 2D-gon. 

Lemma 16.4. [4] Theorem 9.4.3] Let 9q > Q\ > ■ ■ ■ > 9d denote the eigenvalues ofT. Then 
1 - b e + b D + e - { - U 



0; 



b-1 

V(b D - l){b D ^ -!)■■■ (b D - l+1 - 1) 1 + b D+e - 2i -A- 1 + b D+e ~J 



(6 < -l)...(6 2 -l)(6-l) 



for < i < D. 
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Lemma 16.5. The graph T is Q '-polynomial with respect to the ordering 6q > Q\ > ■ ■ ■ > 9p 

of the eigenvalues. The corresponding dual eigenvalue sequence is 

% = £ + (0<*<D), 

where 

b ( b D+e-2 + X ) 



c 



b-1 

(b- l)(b e + b) 



Proof: By jH Table 6.1, Corollary 8.4.2] the graph T is Q-polynomial with respect to {Bi\f =Q . 
By [U Theorem 8.4.1] the corresponding dual eigenvalues satisfy 

6* 9 x -k b- b 1 - 1 , 

tr l+± ir— (0 - i - D) - m 

In (1691) evaluate k using Lemma 116.11 and evaluate 8q using 6$ = mi and Lemma 116.41 The 
result follows. □ 

From now on it is understood that the eigenvalues of T are ordered such that 6q > 9i > 

■ ■■>e D . 

Lemma 16.6. [7J Theorem 17.19] The dual intersection numbers ofT are given by 

£&"<(&*- 1)^ + 1) 



b* 



(pD+e-2* + ^D+e-21+1 + ^ > 

£(1 - tf- D )(br D -* +i + 1) 

( b -D-e+2i + 1 ^ 6 _D- C +2i+l + ^ 



a i = °0 ~ C i ~ b i 

for < i < D. 

Lemma 16.7. The scalars (3, 7, 7*, g, g* from Lemma \l\.l\ satisfy the following (i)-( 
(i) (3 = b + b- 1 . 



(hi) 7* = (6-l)(6 D+e - 2 + l). 



(&£ - 1)2 +b D+e - 2 (b+l) 2 . 



livj g b 

(y) g* = b(b D+e - 2 + 1) 2 . 
Proof: Routine verification using Lemma 114. 2\ Lemma 116.41 and Lemma 116.51 □ 



36 



17 The structure of an irreducible T- module for a dual 
polar graph 

We continue to discuss the dual polar graph V from Section [T6j For the rest of the paper fix 
a vertex i6l and write T = T(x) for the subconstituent algebra. In this section we recall 
some basic data about irreducible T-modules. 

Lemma 17.1. [24, Example 6.1] The graph T is thin. 

Lemma 17.2. [24, p. 200] Let W denote an irreducible T -module. Let r,t,d denote the 
endpoint, dual endpoint, and diameter of W , respectively. Then for < i < d 

cm = *£^>, 

jjD+e—d—t+ifjjd—i j\ 

k{W) = 



ai(W) 



b-1 

^D+e—d—t+i 



Lemma 17.3. [7, Theorem 17.17] Let W denote an irreducible T -module. Letr,t,d denote 
the endpoint, dual endpoint, and diameter of W , respectively. Then for < i < d 

^ b -r- l{bl _ 1){b D + e-2t- d - l + 1) 



(pD+e-2t-2i _|_ l\(ip+e-2t-2i+\ _|_ ]V 
Qj-D-e+2t+2i _|_ iy b -D-e+2t+2i+l _|_ p 

a*(w) = e;-b*(w)-c*(w) 1 



b*(W) 



where ^ is the scalar from Lemma \16.5[ 

Lemma 17.4. Let W denote an irreducible T -module. Let r,t,d denote the endpoint, dual 
endpoint and diameter ofW, respectively. Let denote the scalars from Lemma U6.5\ Let 
7, q denote the scalars from Lemma 16.T\ Let u = u(W),r] = r](W),r]* = r]*(W) denote the 



scalars in C that satisfy the following (i)-(iii) . 

(i) u = - i)(b e+D - d ~ t - r - b t -' r ) - 2 7 C 

(ii) r] = - 6 e )(6 e+D - (i - r -* - b l - r ) - ib e+D - d -'- 2 {b + l)(b d+l + 1) - 

(iii) r]* = - 7 C 2 - (u. 

Then u,t],t]* satisfy ( 1641) . ( |65i) . 

Proof: We verify Lemma f!4. 10( i)-(iv) using Lemma f!6 .41 Lemma fl 6. 51 Lemma ll6.7[ Lemma 
117.21 and Lemma 117.31 The result follows from Lemma 114.101 □ 

We give a comment for future use. 
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Lemma 17.5. Let W denote an irreducible T -module. Let r,t,d denote the endpoint, dual 
endpoint and diameter of W , respectively. Then the isomorphism class of W is determined 
by r,t,d. 

Proof: By Lemma 117.21 the action of A on W is determined by t, d. By Lemma 117.31 the 
action of A* on W is determined by r, t, d. By these comments and since A, A* generate T, 
the action of T on W is determined by r, t, d. □ 



18 Some combinatorial aspects of a dual polar graph 

We continue to discuss the dual polar graph Y from Section [HO In this section we discuss 
some combinatorial aspects of V. Recall the quads of V from Definition 115.81 

Lemma 18.1. [6, p. 132] For all y,z £ X such that d(y,z) = 2, there exists a unique quad 
containing y, z. 

Lemma 18.2. [6J p. 132] Let Q denote a quad in V . For all u £ X there exists a unique 
v £ Q nearest to u. Moreover for any w £ Q, we have d(u,w) = d(u,v) + d(v,w). 

Lemma 18.3. Fix y,z £ X such that d(x,y) = d(x,z) — 1 and d(y,z) = 2. Define i = 
d(x,y). Then 

\Ti{x) n r( y ) n r(*)| = 1, \r i+1 (x) n r( y ) n r(z)\ = b. (70) 

Proof: By Lemma 118.11 there exists a unique quad Q containing y, z. Since d(y, z) = 2, 
we have \T(y) fl T(z)\ = c 2 . By Lemma fl6.ll we have c 2 = b + 1. Since d(x,y) = i and 
d(x, z) = % + 1, the intersection T(y) fl T(z) C U Ti + i(x). By these comments 

|r,(x) n r( y ) n r(z)| + |r m (x) n r( y ) n r(z)| = |r( y ) n r(z)| = 6 + 1. 

Therefore it suffices to show that \Ti(x) fl T(y) fl T(z)\ = 1. First we show fl r(y) fl 

r(*) ^ 0. Suppose r<(x) n r(y) n r(«) = 0. Then r i+1 (x) n r(y) n r(z) ^ 0. Let 

u £ r i+1 (x) nr(t/)n r(z). Observe that u £ Q. Moreover the maximal clique containing the 
edge uz lies in Q and, by (NP2), contains a unique vertex t> at distance i from x. Observe 
that y, v are distinct vertices in Q each at distance i from x. By these comments, Lemma 
118.21 and since Q has diameter 2, there exists a unique vertex p in Q at distance i — 1 from 
x. By Lemma [18.21 the vertices p, y are adjacent. Let P denote a maximal clique of T that 
contains p, y. Observe that P is contained in Q. Since d(y, z) = 2 and Q has diameter 
2, we have d(z, P) = 1. Thus z is adjacent to a unique vertex in P and by construction 
it is different from p and y. This vertex is in T{(x) fl T(y) fl r(z), a contradiction. Hence 
Ti(x) fl r(y) fl r(z) 7^ 0. Now suppose |Tj(x) fl r(y) fl r(z)| > 1. Let M,f denote distinct 
vertices in Ti(x) fl T(y) fl T(z). By (NP1) the vertices u, v are not adjacent. Observe that Q 
contains u, v. By these comments, Lemma [18.21 and since Q has diameter 2, there exists a 
unique vertex p in Q at distance z — 1 from x. By Lemma [18.21 the vertex p is adjacent to 
u,v,y. The vertices p,u,v,y induce a subgraph of shape K 12 ,i contradicting (NP1). Thus 
\Ti(x) n T(y) n r(z)| = 1. The result follows. □ 
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19 A basis for Z(T) 



We continue to discuss the dual polar graph Y from Section [JBJ Recall the subconstituent 
algebra T. In this section we display a basis for Z(T). For < r, t, d < D, the triple (r, t, d) is 
called feasible whenever there exists an irreducible T-module with endpoint r, dual endpoint 
t, and diameter d. Let Feas denote the set of all feasible triples. For A = (r, t, d) G Feas, let 
V\ denote the subspace of V spanned by the irreducible T-modules with endpoint r, dual 
endpoint t and diameter d. Observe that V\ is a T-module. We call V\ the homogeneous 
component ofV associated with A. Observe 

V= V * ( direct 

sum . 

AG Feas 

For all A G Feas, define the linear transformation E\ : V — > V by 

(E x - I)V X = 0, 

E x V y = iiX'^X (A' G Feas). 

Observe that 

'= E E - 

AG Feas 

ExEx> = 5xx>Ex (A, A' G Feas). 

Lemma 19.1. [8j Theorem 25.15, Theorem 26.4] The elements {Ex\X G Feas} form a basis 
for the vector space Z(T). 



20 The central elements Q, G* 

We continue to discuss the dual polar graph V from Section [16J Recall the subconstituent 
algebra T and its central elements Q, G* from Lemma 114 . Ill In this section we show that G* 
is a linear combination of Q and /. Then we display Q in a certain attractive form. Using 
this form we obtain a characterization of Q. 

Lemma 20.1. The elements Q,G* are related by 

G* = - 7 C 2 /-C^ (71) 
where ( is from Lemma \16.5\ and 7 is from Lemma \16.' 



Proof: By construction V is a direct sum of irreducible T-modules. Let W denote an ir- 
reducible T-module in the sum. It suffices to show that the two sides of ( ITT]) agree on W. 
By Lemma [14.111 the elements Q, G* act on W as u(W)I, r]*(W)I, respectively. By Lemma 
I17.4( iii) we have 77* (W) = — 7C 2 — (u(W). Therefore the two sides of (ITTj) agree on W. The 
result follows. □ 
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Lemma 20.2. We have 



D D 



Q = J2 a iE*AE* + m (72) 



i=l i=0 



where 



oti = b^Tl (1 < * < D), 

(b D+ ^ + IW - 1)(2& £ - 1 + 2 - (& p + e - 1 + 1)6-) (Q<t<D) 

Pi- he-l il \ — — )■ 



Proof: Let f2 denote the expression on the right of (jTzJ) . By construction is a direct sum of 
irreducible T-modules. Let W denote an irreducible T-module in the sum. To show fl = fl 
it suffices to show that fl, fl agree on W. Let r, d denote the endpoint and diameter of W. 
By construction for r < i < r + d the element fl acts on E*W as (a i a i _ r (W / ) + A)/. By 
evaluating a,i- r (W) using Lemma [17.21 we find aiCti- r (W) + ft = w(W) where co(W) is the 
scalar from Lemma [17.4( i). Therefore fl acts on E*W as wfW)/. By this and since W is a 
direct sum of {E*W}1^, the element O acts on W as a;(W) J. By Lemma 114.114 the element 
fl acts on W as wfW)/. Therefore fl, fl agree on W. The result follows. □ 



Motivated by Lemma 120.21 we consider an element C of T of the form 

D D 

C:=J2 a i E * AE i + J2& E i ( 73 ) 

i=l i=0 

for some arbitrary scalars aij G C (1 < z < D) and ft G C (0 < K D). 

Observe that C is invariant under transposition. We find necessary and sufficient conditions 
on a,, ft for C to be central in T. By construction C commutes with A*. Since A, A* generate 
T, the element C is central in T if and only if C commutes with A. 

Lemma 20.3. For vertices y,z G X, the (y, z)- entry of C is described as follows. First 
assume d(x,y) ^ d(x,z). Then the (y, z)- entry of C is zero. Next assume d(x,y) = d(x,z) 
and let s denote this common distance. Then the (y, z)-entry of C is given by 



Case 


(y, z) -entry of C 


y = z 


ft 


d(y,z) = 1 


a s 


d{y,z)>2 






Proof: Routine consequence of (173]) . □ 



Lemma 20.4. For integers i,j (0 < i,j < D) and for vertices y,z G X, the (y, z) -entries 
of E*AE*A and AE*AE* are described as follows. 
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(i) (E*AE*A) 



(ii) (AE*AE* 



yz 



yz 



0, ifd(x,y)^i; 

ir^^nr^nr^)!, ifd(x, y )=i. 

0, ifd(x,z)^j; 

|r,(x)nr( y )nr(z)|, ifd(x,z)=j. 



Proof: (i) We have (E*AE*A) yz = Y, w e x (E*AEj ) yw A wz . The result follows. 

(ii) By (i) above and since AE-AE* = (E*AE*A) 1 . □ 

Lemma 20.5. Let y, z denote vertices in X such that d(y, z) > 3 or \d(x, y) — d(x, z)\ > 2. 
Then the (y, z)-entries of AC and CA are both zero. 

Proof: First we show (AC) yz = 0. By ([75]) it suffices to show that each of (AE*AE*) yz 
and (AE*) yz is for < i < D. Let i be given. By construction A yz = so (AE*) yz = 
A yz (E*) zz = 0. By Lemma E03Kii), we have (AE*AE*) yz = 0. Therefore (AC) yz = 0. By 
swapping the roles of y and z we have (AC) zy = 0. By this and since CA = (AC)*, we have 
(CA) yz = (AC) zy = 0. □ 



Lemma 20.6. Let y, z denote vertices in X such that d(x, y) = d(x, z) — 1 and d(y, z) = 2. 
Then the following are equivalent: 

(i) (AC) yz = (CA) yz . 

(ii) ba i+1 = cti where i = d(x,y). 

Proof: Consider the (y, z)-entries of AC and CA. 

D D 

(AC) yz = J2^ME*AE*) yz + J2PM E j)v* 

3=1 j=0 

= a i+ i|r i+1 (a;) n T(y) n T(z)\ by Lemma [202p) 
= ba,i + \ by the equation on the right of (1701) . 

D D 

(CA) yz = ^£ aj (E*AE*A) yz + J2fr(E*A) yz 

3=1 3=0 

= a i \T i {x)nr{y)nr{z)\ by Lemma [203^i) 
= «j by the equation on the left of (I7D|) . 

The result follows. □ 



Lemma 20.7. Let y, z denote vertices in X such that d(x, y) = d(x, z) — 1 and d(y, z) — 1. 
Then the following are equivalent: 



(i) {AC) yz = (CA) 



yz- 
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(ii) aia i+ i + i+i = fa where i = d(x,y). 
Proof: Consider the (y, z)-entries of AC and CA. 

D D 

(AC) yz = J2<xAAE*AE*) yz + J2PAAE*) yz 

3=1 3=0 

= a i+1 \T i+1 (x) n T(y) n r(z)| + by Lemma MMn) 

= aictj+i + f3 i+ i by the equation on the right of (|68|) . 

D D 

(CA) yz = J2^(E*AE*A) yz + J2P3(E*A) yz 

j=l j=0 

= OilViix) D T(y) n r(z) \ + A by Lemma MM}) 
= (3i by the equation on the left of (!68|) . 

The result follows. □ 



Lemma 20.8. Let y,z denote vertices in X such that d(x,y) = d(x,z) and d(y,z) < 2. 
Then 

(AC) yz = (CA) 

Proof: Let i denote the common value of d(x,y) and d(x, z). We have 

(AE*AE*) yz = (E*AE*AE*) yz = (E*AE*A) yz , 
(AE*) yz = (E*AE*) yz = (E*A) yz . 

The result follows from this and (1731). n 



By combining Lemma [20.51 Lemma [2021 Lemma 12 0.71 and Lemma l"20.8l we have the following 
result. 

Theorem 20.9. Consider the element C from (!73|) . Then C is central in T if and only if 
the following (i), (ii) hold. 

(i) ctj = b^ai (1 < % < D). 

(ii) /3i = /3 - a^-^-U (0 < i < D). 

o — l 

Corollary 20.10. Let C denote the subspace ofT consisting of central elements of the form 
(|73|) . Then Q and I form a basis for C. 

Proof: In the formulas of in Theorem 120.91 there are two free variables ai,/?o- There- 
fore dim C < 2. Observe that I £ C. By Lemma 120.21 the element Q G C. Since /, Q are 
linearly independent, they form a basis for C. □ 
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21 The central element G 

We continue to discuss the dual polar graph Y from Section [161 Recall the sub constituent 
algebra T. In this section we investigate the central element G G T from Lemma 114.111 

Lemma 21.1. We have 

D D-l 



G = £(1 - b 2 ) b-'ElAEUAE* + £(1 - ft" 2 ) ^ b~* E? AE* +l AE, 
i=i 

+ e(&- x - l)(6 e - 1) £ b~ l E*AE* - Q A 



i=i i=o ^ 



i=l 



where £ zs /rom Lemma \1 6. 51 and o zs /rom Lemma \16. 7 . 

Proo/: Recall that 7 = J2?=o E *i ^* = Y,Zo e * E *i and = for < j < -D- By 

these facts and since G is central in T, 

(D \ / D \ D D D 

i=0 / \i=0 / i=0 i=0 i=0 

For < i < L> we compute E*GE*. By flU} and since = E*A* = 6*E* (0 < j < D), 

E*GE* = (26* - Y)E*A 2 E* - /3E*AA*AE* 

- 2 1 6*E*AE* - q6*E* - E*ttAE*. ( ' 

We now evaluate the right-hand side of (I75|) . First assume 1 < i < D — 1. Using (I6"U1) . 



E*A 2 E* = E* A (^2 E j j 



E*AE*_ X AE* + E*AE*AE* + E*AE* +1 AE*, 



E*AA*AE* = E*A {^O^E* j AE£ 



= OUEtAEUAE* + 6*E*AE*AE* + 6* +1 E*AE* +1 AE*. 

Using (J72D, 

E*VlAE* = ai E*AE*AE* + (3 { E*AE* 

where are from Lemma [20.21 Evaluating the right-hand side of (1751) using the above 

comments, 

E*GE* = (26* - 7* - 136* _ l ) E* AE*_ l AE* + (26* - 7* - - on)E*AE*AE* 
+ (20* - 7* - 0e*+i)E*AE* +l AE* - (2 7 0* + fa)E*AE* - 
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By a similar argument, 

E*GE* = (29* - 7* - /361)EqAEIAEq - g9* E*, 

E* D GE* D = (26* D - 7* - I39* D _ 1 )E* D AE* D ^ 1 AE* D + (26* D - 7* - /39* D - a D )E* D AE* D AE* D 
- (2j9* D + P D )E* D AE* D - g9* D E* D . 

In the preceding equations we now evaluate the coefficients on the right-hand side. The 9* 
are from Lemma [16.51 the /3, 7, 7* are from Lemma [16.71 an d ati, @% are from Lemma [20.21 
By these lemmas, 

29* - 7* - 09*_ x = C(l - 6 2 )^ (1 < % < D), 
29* -7* - $9* -oa = (l<i<D), 

29* - 7* - f39* +1 = e(i - r 2 )r* (0 < % < D - 1), 

2 7 0* +0i = C(l - r 1 )^ 6 - l)r i (0 < 2 < £>). 
The result follows. □ 



Corollary 21.2. For vertices y,z G X, the (y, z)-entry of G is described as follows. First 
assume d(x,y) 7^ d(x,z). Then the (y,z)-entry of G is zero. Next assume d(x,y) = d(x,z) 
and let s denote this common distance. Then the (y, z)-entry of G is given in the table below. 



Case 


(y, z)-entry of G 


d{y,z) 
d(y,z) 


y = z 
d(y,z) = 1 

= 2,r s+1 (i)nr( ?/ )nr( z ) = 
= 2,r s+1 (i)nr( ? ,)nr( z )^0 

d(y,z)>3 


Zb- s -\l - b 2 )(bc s - b-%) - g9* 

£b- s - l (l-b)(b 2 + b + b e -I) 
ib- s {l-b 2 )\T s ^{x)nT{y)nT{z)\ 
-^-^(b+^ib-l) 2 




In the above table £ is from Lemma \16.5\ and g is from Lemma \16.7\ 



Proof: The first assertion follows from Lemma [14.131 Now suppose d(x,y) = d(x,z) = s. 
We verify the table. By ( 1T4"|) . the (y, z)-entry of G is given by 

G yz = £(1 - b 2 )b- s {E* s AEUAE* s ) yz + £(1 - b- 2 )b' s (E* s AE* s+1 AE* s ) yz 
+ - IW ~ l)b- s (E* s AE* s ) yz - g(A*) yz . 

In the above equation the terms on the right-hand side are given by 

by Lemma [20 .4[ 
by Lemma 120741 

8 yz 9* s . 



{ElAEUAEDyz 

(e:ae* s+1 ae:) vz 

(E* s AE:) yz 
{A*) yz 



\r s ^(x)r\r(y)nr(z)\ 

\T s+1 {x)nT(y)nT{z)\ 

'0 if%,z)^l; 
1 if%,*) = l, 

D 



i=0 
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We now split our argument into cases. 

Case y = z: We have |r 5 _i(a;) n T(y) n T(z)\ = |r,_i(o;) n T(y)\ = c s and |T s+1 (x) n T(y) n 
T(z)\ = \T s+1 (x) r\T(y)\ = b s . By these comments G yz is as shown in the table. 
Case d(y,z) = 1: By (NP1) the vertices y,z together with T(y) D T(z) form a maximal 
clique of T. By Lemma H6.3l this clique is at distance less than D from x. By (NP2) we have 
fl T(y) PI T(z)\ = 1 and so |r s+ i(x) PI T(y) PI T(z)\ = 0. By this and the preliminary 
comments we find that G yz is as shown in the table. 

Case d(y, z) = 2: Let Q denote a quad containing y, z. Observe that T(y) nT(z) is contained 
in Q. First assume T s+ i(x)r\T(y)r\T(z) = 0. By the preliminary comments we find that G yz 
is as shown in the table. Next assume T a+ i(x) fl T(y) fl T(z) ^ 0. Then d(x, Q) = s — 1 by 
Lemma ri8.2l and since Q has diameter 2. By Lemma [18.2l we have \T s -i(x)r\T(y)r\T(z) \ = 1. 
Let u denote the unique vertex in Y a _\(x) fl T(y) fl T(z). We claim T s (x) fl T(y) fl T(z) = 0. 
Suppose there exists a vertex v in T s (x) fl T(y) fl Then v is adjacent to u by Lemma 

118.21 Now u,v,y,z induce a subgraph of shape K 12 ,\ which contradicts (NP1). Hence the 
claim holds. We have |r(j/) nr(z)| = C2 and c 2 = b+ 1 by Lemma H 6. II By these comments 

and since \T(y)nv(z)\ = |r s _i(x)nr(y)nr(^|+|r s (a;)nr(y)nr(^|+|r s+ i(z)nr(y)nr(^)|, 

we have nr(y) nr(z)| = b. By this and the preliminary comments we find that G yz 

is as shown in the table. 

Case d(y,z) > 3: We have T(y)nT(z) = so \T s ^ 1 (x)nT{y)nT(z)\ = and \T s+1 (x)nT(y)n 
T(z) | = 0. By this and the preliminary comments we find that G yz is as shown in the table. □ 



22 The central elements T, ty, A 

We continue to discuss the dual polar graph T from Section [T6j Recall q from Section [TT1 
and b from Section [T6j For the rest of the paper b, q are related as follows. 

b = q\ 

We note that q is nonzero and not a root of unity. 

In Lemma 114.111 we discussed the central elements fl, G, G* of the sub constituent algebra 
T. In this section we introduce three more central elements T, A of T. These central 
elements will be useful later when we display some L^sy-module structures on the standard 
module V. 

Definition 22.1. [18, Definition 3.1] Let W denote an irreducible T-module. Let r,t,d 
denote the endpoint, dual endpoint, and diameter of W, respectively. By the displacement 
of W of the first kind we mean r + t + d — D. By the displacement of W of the second kind 
we mean r — t. 

Lemma 22.2. [TS"| Lemma 3.2] Let W denote an irreducible T-module. Then the following 
(i), (ii) hold. 

(i) Let fi denote the displacement ofW of the first kind. Then < /i < D. 

(ii) Let v denote the displacement ofW of the second kind. Then —D <v<D. 
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Definition 22.3. For an integer \i (0 < fi < D) let denote the subspace of V spanned 
by the irreducible T-modules for which /i is the displacement of the first kind. Observe that 
is a T-module. By (251 Lemma 4.4] we have V = £^ =0 ^u (orthogonal direct sum). For 
< /i < D we define a matrix G Matx(C) such that 

K - J)T^ = 0, 

0-^ = if/x^/i' (0 <//<£>). 
In other words is the projection from 1/ onto V^. We note that = a^V. 
The following three lemmas are immediate from Definition 122.31 
Lemma 22.4. The following (i), (ii) hold. 

(ii) o^oy = 5^/0-^ (0 <//,//< D). 
Lemma 22.5. VKe /iai>e 

D 

V = ^^c^V (orthogonal direct sum). 

Moreover for < fi < D the subspace a^V is spanned by the irreducible T-modules for which 
fi is the displacement of the first kind. 

Recall the set Feas from Section [T9l 

Lemma 22.6. For < /i < D we have 

where the sum is over all (r, t, d) e Feas such that r + t + d — D — fi. 
Definition 22.7. Let T denote the matrix in Matx(C) such that 

D 

Lemma 22.8. For < fi < D the matrix T acts on o^V as q^I. 

Proof: Immediate from Lemma 122.4( h) . □ 
Lemma 22.9. The matrix T is invertible and its inverse is 

D 
At=0 



46 



Proof: Immediate from Lemma 122.41 



□ 



Definition 22.10. For an integer v (-D < v < D) let V u denote the subspace of V spanned 
by the irreducible T-modules for which v is the displacement of the second kind. Observe 
that V u is a T- module. By [251 Lemma 4.4] we have V = Y1u=~d ^ (orthogonal direct sum). 
For — D < v < D we define a matrix if) u e Matx(C) such that 

(# v - J)K = o, 

ip u V u > = if v ^ v' (-D < v' < D). 
In other words ip v is the projection from V onto V v . We note that V v = ip v V . 
The following three lemmas are immediate from Definition 122.101 
Lemma 22.11. The following (i), (ii) hold. 

(i) I = YL-d^- 

(ii) ip u ip u > = b vv 'i) v (-D <v,v'<D). 
Lemma 22.12. We have 

D 

V = ip u V (orthogonal direct sum). 

u=-D 

Moreover for —D < v < D the subspace ip v V is spanned by the irreducible T-modules for 
which v is the displacement of the second kind. 

Lemma 22.13. For —D < v < D we have 

jjyV = ^ V(r,t,d) 

where the sum is over all (r, t, d) G Feas such that r — t = v. 
Definition 22.14. Let \& denote the matrix in Matx(C) such that 

D 
u=-D 

Lemma 22.15. For —D < v < D the matrix \1/ acts on ip v V as q v l . 

Proof: Immediate from Lemma [22.11( h). □ 
Lemma 22.16. The matrix \1/ is invertible and its inverse is 

D 
v=-D 
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Proof: Immediate from Lemma 122. Ill □ 

Earlier we denned the notion of diameter for an irreducible T-module. Using this notion we 
define some more projections involving V. 

Definition 22.17. For an integer d (0 < d < D) let Vd denote the subspace of V spanned by 
the irreducible T-modules of diameter d. Observe that Vd is a T-module, and V = J2d=o ^ d 
(orthogonal direct sum). For < d < D we define a matrix pd G Matx(C) such that 

(p d - I)V d = 0, 

p d V d , = iid^d' (0<d'<D). 
In other words p d is the projection from V onto Vd- We note that Vd = pdV ■ 
The following three lemmas are immediate from Definition 122.171 
Lemma 22.18. The following (i), (ii) hold. 

(i) I = Ed=oPd- 

(ii) p d pd' = Sdd'pd (0 <d,d' <D). 
Lemma 22.19. We have 

D 

V = ^^PdV (orthogonal direct sum). (76) 

d=0 

Moreover for < d < D the subspace pdY is spanned by the irreducible T -modules of diameter 
d. 

Lemma 22.20. For < d < D we have 

PdV = ^ V (r,t,d) 

where the sum is over all integers r,t such that (r,t,d) G Feas. 
Definition 22.21. Let A denote the matrix in Matx(C) such that 

D a d + l _l_ n-d- 1 

Lemma 22.22. For < d < D the matrix A acts on pdY as 

„d+l I n -d— 1 

\ \ 2 I- (77) 
(q-q x ) 2 

Proof: Immediate from Lemma f22.18( ii). □ 
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Lemma 22.23. p73j Lemma 12.1] The matrices T, ^f, A are central elements in T. 



The central elements f2, G, G* of T from Lemma [14.111 are related to T, A as follows. 
Proposition 22.24. Let £, £ denote the scalars from Lemma \16.5[ and let 7,0 denote the 



scalars from Lemma \16. 7\ Then fi, G, G* can be expressed in terms of Y, A as follows. 

(i) fi = e(g- 2 -l)(g 2e T- 2 -M/- 2 )-2 7 a. 

(ii) G = £<T 2 (1 - q 2e )(q 2e T- 2 - V- 2 ) - iq D+2e -\q 2 - l) 2 (g 2 + ^T^^A - g(I. 



(iii) G* = C£(l - g^)(g^ e T- 2 - + 7 C'I. 

Proof: (i) By construction is a direct sum of irreducible T-modules. Let denote an 
irreducible T-module in the sum. It suffices to show that for the equation in (i) the two 
sides agree on W. Let /x, v denote the displacement of W of the first kind and second kind, 
respectively. By Lemma H4. Ill the element Q acts on W as u(W)I. By Lemma [223] we have 
W C cr^V^. By this and Lemma 122.81 the matrix T acts on W as q^I. By Lemma 122.121 
we have W C ^V. By this and Lemma 122.151 the matrix ^ acts on as g^J. By these 
comments, Lemma [i7.4f i) and Definition [2571], the two sides agree on W. The result follows. 

(ii) Similar to the proof of (i). 

(iii) Combine Lemma [20.11 and (i). □ 



23 Irreducible T-modules and Leonard systems of dual 
g-Krawtchouk type 

We continue to discuss the dual polar graph F from Section [T6l In Lemma 114.81 we obtained 
a Leonard system on each irreducible T-module. In this section we show that this Leonard 
system has dual g-Krawtchouk type. 

Theorem 23.1. Let W denote an irreducible T-module. Letr,t,d denote the endpoint, dual 
endpoint and diameter of W , respectively. Let $ denote the corresponding Leonard system 
on W from Lemma \14.8\ Then $ has dual q-Krawtchouk type. Let h, h*, k, k*,v denote the 
parameters corresponding to $ from Definition ! 11. 11 Let £, £ denote the scalars from Lemma 
[Ml Then 

1 _ 2e 2e+2D-2t-d 2t+d 

h = ^~, h* = (, K= q - , K* = £q- 2r - d , u = -4_. (78) 

q A — 1 q A — 1 — 1 

Proof: By Lemma ri4.8l the Leonard system $ and the T-module W have the same intersection 
matrix and dual intersection matrix. We show that $ has dual g-Krawtchouk type by 
verifying that its parameter array satisfies (|18p — (I2ip . By Lemma fl 6 .41 the eigenvalue sequence 
{9 t +i}f =0 has the form f[T8l) with scalars h,K,v given in ( 1751) . By Lemma 116.51 the dual 
eigenvalue sequence {d* +i }f =0 has the form ( JT9|) with scalars ft.*, k* given in ( 175]) . By Lemma 
19.51 we have <p\ = (8* — 9* +1 )(ao(W) — 9 t ). On the right-hand side evaluate the eigenvalue 
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using Lemma [16 .41 evaluate the dual eigenvalues using Lemma [16.5\ evaluate ao(W) using 
Lemma \17.2\ and simplify the result to get 

Vl = _ l)q 2{e + D-d-t-r-l) _ (?g) 

By (PA4) we have <pi — (fx + (9* +1 - 9*)(9 t+d - 6 t ). On the right-hand side evaluate the 
eigenvalues using Lemma I16.4[ evaluate the dual eigenvalues using Lemma I16.5[ evaluate ipi 
using f[?9~j) . and simplify the result to get 

fa = ^ d -l)q 2 ^- r - !). (80) 

On the right-hand side of (PA3) evaluate the eigenvalues using Lemma 116.4} evaluate the 
dual eigenvalues using Lemma ["16 .5[ evaluate <pi using fl8"Uj) . and simplify the result to get 

<Pi = — ^(g 2 ( d+1 ) -q 2 )(q- 2i - l) q ^+D-d-t-r-i) (l<i<d). (81) 
q 2 — 1 

On the right-hand side of (PA4) evaluate the eigenvalues using Lemma 116.41 evaluate the 
dual eigenvalues using Lemma ["16.51 evaluate <pi using (179|) . and simplify the result to get 

fa = — ^(q^+V -q 2 )( q - 2i - ^{e+D-d-t-r-i) (l<i<d). (82) 
q 2 — 1 

Using (|ZBJ it is routine to verify that (EE]), (JBSJ satisfy (ED) . (|2I)1 . respectively. Therefore 

the Leonard system $ has dual g-Krawtchouk type. □ 



24 Two [^(s^-module structures on the standard mod- 
ule V 

We continue to discuss the dual polar graph T from Section [T6j In this section we display 
two f/g(s[ 2 )-module structures on the standard module V. Then we show how the two 
t/ g (s[ 2 )-module structures are related. 

Lemma 24.1. Let W denote an irreducible T -module. Let r,t,d denote the endpoint, dual 
endpoint and diameter of W , respectively. Let h,h*,K,K*,v denote the corresponding pa- 
rameters from (|78p . Then there exists a unique Ugisl^) -module structure on W such that on 
W, 

A = hi + kx + vy, (83) 
A* = h*l + k*z. (84) 

Moreover the U q (s\2) -module W is isomorphic to L(d, 1). 

Proof: Combine Theorem 123.11 and Theorem 113.191 taking e = 1. □ 
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Lemma 24.2. Let W denote an irreducible T -module. Let r,t,d denote the endpoint, dual 
endpoint and diameter of W , respectively. Let h,h*,K,K*,v denote the corresponding pa- 
rameters from (|78p . Then there exists a unique XJ q {%\<i) -module structure on W such that on 
W, 

A = hi + ny + vx, 
A* = h*l + k*z. 

Moreover the U q {s{2) -module W is isomorphic to L(d, 1). 

Proof: Combine Theorem 123.11 and Theorem 113.201 taking e = 1. □ 

Theorem 24.3. There exists a U q (s{2) -module structure on V such that on V , 

A = hl + KT- 1 ^x + vT^- 1 y, (85) 
A* = h*l + k*T~ 1 \$/~ 1 z, (86) 

where 



1 n 2e n 2e+D n D 

— — r» h =& K = — — 7' K ' v = — 2 — t 

q z — 1 q z — 1 q z — 1 



Proof: By construction V is a direct sum of irreducible T-modules. Let W denote an 
irreducible T-module in the sum. It suffices to show that (|85p . (I8"6"j) hold on W. Let v 
denote the displacement of W of the first kind and second kind, respectively. Consider the 
U q {s t) -module structure on W from Lemma f24.ll Writing (183"]) . ( 184")) in terms of (!H7|) and 

/i, v we get 

A = hl + Kq u ~^x + vq^' u y, (88) 
A* = h*l + K*q~^ v z, (89) 

where h, h*, k, k*, v are from (jS7J). By Lemma [22.51 we have W C cr M V. By this and Lemma 
122.81 the matrix T acts on W as q^I. By Lemma 122.121 we have W C ^ V. By this and 
Lemma 122.151 the matrix \1/ acts on W as g"/. By these comments and flHHj) . fl89|) we find 
that ([85D, (J86D hold on W. Therefore flB5J), ® hold on V". □ 

Theorem 24.4. There exists a Uq(jsl^) -module structure on V such that on V, 

A — hl + kT _1 % + vT^x, 

a* = hn + ^r-^-h, 

where the scalars h, h* ,k,k* ,v are from (1H71) . 

Proof: Similar to the proof of Theorem 124.31 but use Lemma 124.21 instead of Lemma 124.11 □ 
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Lemma 24.5. For the U q (s\2) -module structure on V from Theorem 24 -3\ the actions of 
x, y, z on V are given by 

_ T^-^qB - q- 1 B*BB*- 1 ) q^^T'^^B*' 1 q^vT^-^B*- 1 

nq^ 1 (q 2 — g~ 2 ) q + g _1 n(q + q~ l ) 

T^-^qB^BB* - q^B) q^T^- 1 B*' 1 q^^vT^^B*- 1 

nq(q 2 — g~ 2 ) q + q~ x n(q + g -1 ) 

_ T-^iqB - q-^B*- l BB*) + g~ VX- 1 ^ 1 ^- 1 q^nT^B*- 1 

vq^^q 2 — g~ 2 ) q + g -1 v(q + q~ x ) 

T- 1 ^(qB*BB*- 1 - q^B) q^T^^B*' 1 q~ l K* kT' 3 ^ B*' 1 

vq(q 2 — q~ 2 ) q + q~ l v(q + q^ 1 ) 

z = k^T^B*, (92) 



where B = A — hi , B* = A* — h*I and the scalars h, h*,K,K*,v are from ()8j 
Proof: Similar to the proof of Lemma fl 3. 141 but use Theorem 124 . 31 instead of Lemma [13.ii[ □ 



Lemma 24.6. For the U q (s\2) -module structure on V from Theorem \24-4\ the actions of 
x, y,z on V are given by 

T-^tqB - q~ 1 B*BB*- 1 ) q- 1 k*^ 1 ^ 1 B*' 1 q^nJ-^B*- 1 
x = „.„-\( „2 Z~^2\ 1 Z , „-i TjZ , „-n (93) 





vq 1 (q 2 — q 2 


) 


+ 


q + q 1 


v(q + q 1 ) 




^(qB*- l BB* - 


q-'B) 


+ 


q^T'^^B*- 1 


q^K^y-^B*- 1 




vq(q 2 — g~ 2 ) 




q + g -1 


v(q + g -1 ) 


T# 


- x {qB - q~ l B*~ 


l BB*) 


+ 


g-VT- 1 *- 1 ^*- 1 


q^vT^B*- 1 




Kg _1 (g 2 — g~ 2 


) 


g + g _1 


K(q + q~ l ) 




~ 1 (qB*BB*~ 1 - 


q-'B) 


+ 


q^T'^^B*' 1 


q^K^vT^B*- 1 



(94) 



g + g 1 n(q + g x ) 

z = k^TVB*, (95) 

where B = A — hi , B* = A* — h*I and the scalars h, h*, k, k*, v are from ( 1H7|) . 

Proof: Similar to the proof of Lemma fl 3. 141 but use Theorem 124.41 instead of Lemma [13.11[ □ 

We draw several corollaries from Lemma [24.51 and Lemma [24.61 



Corollary 24.7. The U q {s\%) -module structure on V from Theorem 24-3 is unique. 



Proof: By Lemma [24.51 and since x, y,z ±l generate Uqisl?). □ 
Corollary 24.8. The U q (s\2) -module structure on V from Theorem\24-4\ is unique. 



Proof: By Lemma [24.61 and since x,y, z generate U q (s\?). □ 
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Corollary 24.9. For the C-algebra homomorphism U q {s\-2) — > End(V) induced by the U q (sl2)- 
module structure on V from Theorem 24 -3[ the image is contained in T. 



Proof: By Lemma 122.231 and Lemma 124.51 □ 



Corollary 24.10. For the C-algebra homomorphism U q (s\2) — > End(V r ) induced by the 
U q (si2) -module structure on V from Theorem 24-4, the image is contained in T . 



Proof: By Lemma 122.231 and Lemma 124.61 □ 

In Theorem 124.31 and Theorem 124.41 we gave U q (s y -act ions on the standard module V. We 
now describe how these actions look on each irreducible T-module. 

Lemma 24.11. Let W denote an irreducible T-module. Then W is invariant under the 



U q (sl 2 )- action from Theorem \24-3[ Moreover the action ofUJs^) on W coincides with the 



U q {s[2) -action from Lemma \24 ■ 1 



Proof: The first assertion follows from Corollary 124.91 . We now verify the second asser- 
tion. By Lemma f24.ll it suffices to show that (|83|) . (184")) hold on W. Let /i, v denote the 
displacement of W of the first kind and second kind, respectively. By Lemma 122.51 we have 
W C a^V. By this and Lemma [22.81 the matrix T acts on W as q^I. By Lemma [22.121 we 
have W C ip u V. By this and Lemma [22.151 the matrix \1/ acts on W as q u I. By applying 
these comments, Definition [20 and (I57jl to (155 ]) . ([go]) we find that (JMD, §M hold on w - D 



Lemma 24.12. Let W denote an irreducible T-module. Then W is invariant under the 



U q (sl2) -action from Theorem 



~A Moreover the action of U q (s\2) on W coincides with the 



U q (sl2) -action from Lemma 24-2 



Proof: Similar to the proof of Lemma T24. Ill but use Lemma 124.21 and Corollary 124. 101 instead 
of Lemma [24TTI and Corollary l2l~9l □ 



We finish this section with a comment describing how the two U q (s [2) -module structures on 
V from Theorem 124.31 and Theorem 124.41 are related. 

Theorem 24.13. Consider the table below. In the first column the three displayed elements 
each induces an element in End(V) using the U q {s\2) -module structure from Theorem \24-4 



In the second column the three displayed elements each induces an element in End(V) using 
the Ij T q {s\-2) -module structure from Theorem 24 -3\ For each row the two elements induce the 
same element of End(V). 



UnisU) -module structure 



from Theorem 24-4 



U q {s[2) -module structure 
from Theorem \24-3\ 



z 

X 

y 



_ q -2e X l^-2 y + Q + q -2e T 2^-2^ z - 
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Proof: The first row is immediate from ([92]) . fl95|) . To prove the second row evaluate x on 
the left using ([93]) . and evaluate 2,2: on the right using f )90|) . f )92|) . To prove the last row 
evaluate y on the left using ([94"]) . and evaluate ?/, z on the right using ( [91]) . fl92|) . □ 



25 Two homomorphisms L^s^) — > 

We continue to discuss the dual polar graph T from Section [THJ In Theorem 124.31 and 
Theorem 124.41 we displayed two [/^(sy-niodule structures on the standard module V. In 
this section we show how these two £/g(s[2)-module structures are related to T. By Corollary 
124.91 the U q (s [ 2 ) -module structure from Theorem 124.31 induces a C-algebra homomorphism 
U q (sl 2 ) —> T. By Corollary 124. 101 the U q (sl 2 ) -module structure from Theorem 124.41 induces a 
C-algebra homomorphism U q (sl 2 ) — > T. For either of the two C-algebra homomorphisms, let 
U denote the image. We show that T is generated by U together with the elements T , ^ r±1 
where T is from Definition 122.71 and \I/ is from Definition 122.141 

Recall below Lemma [12.13l we discussed the homogeneous components for a [7,j(s [2) -module. 
We now consider the homogeneous components for the U q (s [2) -module structure on V from 
either Theorem 124.31 or Theorem 124.41 



Lemma 25.1. Consider the U q (sl 2 ) -module structure on V from either Theorem \24-3\ or 



Theorem \24-4\ Then 

VVi = 0, V dtl = Pd V (0<d<D). (96) 

In other words, in the sum (ITS"]) the summands are the homogeneous components of the 
U q (sl 2 ) -module V. 

Proof: First assume the (5 ^-module structure on V is from Theorem 124.31 Recall from 
Lemma 122.191 that pdV is spanned by the irreducible T-modules of diameter d. By Lemma 
124.111 and Lemma [24.11 each irreducible T-module of diameter d is a U q (s i 2 ) -module isomor- 
phic to L(d, 1). By these comments, 

PdV C V dtl . (97) 
By summing fl97j) over < d < D and comparing the result to fl76l) we have 

D 



V = V d,i (direct sum). (91 



d=0 

By comparing (198]) to (|30|) with M = V we have (1961) . We are now done for the case in which 
the module structure is from Theorem 124.31 For the case in which the module structure is 
from Theorem 124.41 the argument is similar using Lemma 124.21 and Lemma 124.121 instead of 
Lemma [24.11 and Lemma [24. Ill □ 

In the beginning of this section we discussed two C-algebra homomorphisms U q (si 2 ) — > T. 
We now discuss these homomorphisms. 
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Theorem 25.2. For either of our two C-algebra homomorphisms, let U denote the image. 
Then the algebra T is generated by U together with the elements T ±:L , \I/ ±1 where T is from 
Definition 



7 and $ is from Definition 22. 14 



Proof: By Theorem 124.31 Theorem I24.4[ and since A, A* generate T. 



□ 



We finish this section with a comment. Recall the Casimir element A of U q (s\2) from Defi- 
nition IT2TT01 



Lemma 25.3. For the Jj r q (sl2) -module structure on V from either Theorem 24 -3\ or Theorem 
{■4< the Casimir element A acts on V as the element A from Definition \22. 21\ 



Proof: By (176|) . for < d < D it suffices to show that A, A agree on p d V . Recall from 
Lemma [22.221 that the element A acts on p d V as (1771) . By Lemma [25.11 and Lemma [12.12[ 
the element A acts on p d V as (1771) . Therefore they agree on p d V . The result follows. □ 



26 The matrices L, F, R, K 

We continue to discuss the dual polar graph V from Section [16j In this section we define 
some nice matrices that generate T and find relations among them. 

Definition 26.1. We define the matrices L, F, R in T by 

D 

L = Y,El 1 AE*, (99) 

i=i 

D 

f = J2e*ae;, (ioo) 

i=0 
D-l 



i=0 



We call L (resp. F) (resp. R) the lowering matrix (resp. flattening matrix) (resp. raising 
matrix) . 

Observe that L l = R and F* = F. Moreover A = L + F + R. 
Lemma 26.2. The following (i)-(iii) hold. 

(i) LE* = EULE* = E*_ X L = E^AE* (1 < i < D), LE* = 0. 

(ii) FE* = E*FE* = E*F = E*AE* (0 < i < D). 

(hi) re* = e; +1 re; = e* +1 r = e; +1 ae* (o < i < d - 1), re* d = o. 

Proof: Routine verification using Definition 126. II and E*E* = 5ijE* (0 < i,j < D). □ 
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Proposition 26.3. The following (i), (ii) hold. 

(i) LF - q 2 FL = (q 2e - 1)L. 

(ii) FR - q 2 RF = (q 2e - 1)R. 

Proof: (i) Let y, z denote vertices in X. Let % = d(x,z). For the equation in (i) we show 
that the (y, ;z)-entries of both sides are equal. By construction 



L yz 



1 if d(y, z) — 1 and d(x, y) = i — 1; 
otherwise. 



By Definition 126.11 and Lemma 120.41 
{LF) yz - 

(FL) yz - 



if d(x, y) ^ i — 1; 

\Ti{x) nT{y) nT{z)\ if d{x,y) = i - 1, 

if <9(x, y) ^ i — 1; 

|ri_i(ar)nr(y)nr(z)| iid{x,y) = i-l. 



We split our argument into cases. 

Case y = z, or z) > 2, or <9(x, y) ^ i — 1: The (y, z)-entries of LF, FL and L are zero. 
Therefore the (y, z)-entry of each side of the equation in (i) is zero. 

Case d(y,z) = 2 and d(x,y) — % — 1: By Lemma ["18.31 the (y, z)-entry of LF is g 2 and the 
(y, z)-entry of FL is 1. The (y, z)-entry of L is zero. Therefore the (y, z)-entry of each side 
of the equation in (i) is zero. 

Case d(y, z) — 1 and d(x, y) = i — 1: By Lemma 115.51 and Corollary 116.21 the (y, z)-entry 
of LF is q 2e — 1 and the (y, z)-entry of FL is 0. The (y, z)-entry of L is 1. Therefore the 
(y, z)-entry of each side of the equation in (i) is q 2e — 1. 

(ii) Take the transpose of each term in (i). □ 



Proposition 26.4. The following (i), (ii) hold. 

^ -RL 2 — LRL H — < f-^—L 2 R = —q 2e+2D ~ 2 L. 



w q 2 + l q 2 + l 

(ii) —!f- — R 2 L - RLR + -f^LR 2 = -q 2 ^ 2D ~ 2 R. 
q z + 1 q l + 1 

Proof: (i) Let 

5 = -^RL 2 - LRL + 4^L 2 R + g 2e+2D - 2 L. 
q z + 1 q l + 1 

We show 5 = 0. Since / = £*, 

5 = ( E ^ ) s { E ^ ) = E E 

\i=0 / \j=0 / i=0 i=0 
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By Lemma and since E\E* m = 6 lm Ef for < I, m < D, we have E*SE* = if % ± j - 1. 
Therefore it suffices to show E*_ X SE* = for 1 < j ' < D. Let j be given. By Lemma [16. 5[ 

oi - oil = q 2 (o; +1 -ei) (i<i<d- i). (102) 

Expanding (IBTj) we get 

= A 3 A* - (p + I) A 2 A* A + {(3 + 1)AA*A 2 - A* A 3 
+ j{A*A 2 - A 2 A*) + g{A*A - AA*). 

In the above equation multiply each term on the left by E*_ 1 and on the right by E*. Simplify 
the result using A = L + F + R, and A*E* = Q\E\ (0 < I < D) along with Lemma HO(i), 
Lemma MM and (fTUSI) . This yields 



= (g + g-) 2 ^ (-^T^ 2 + ^ " -f^ L2R ) E ) 
+ £;*_! ( LF 2 - (3FLF + F 2 L - 7 (FL + LF) - qL) E*. 



(103) 



Using Lemma 116.71 and Proposition I26.3( i) one checks 

LF 2 - (5FLF + F 2 L - 7 (FL + LF) - gL = -g 2D+2e ~ 2 (g + q^fL. (104) 

Simplifying (11031) using f ll04j) and g + g^ 1 7^ 0, we have Ej^SE* = 0. We have now shown 
that S = 0. The result follows. 

(ii) Take the transpose of each term in (i). □ 
Definition 26.5. We define the matrix K e T by 

D 

Observe that K is diagonal. Moreover K = ^ 1 (A* — <^I) where are from Lemma [16.51 
The next two lemmas follow from Definition 126.51 

D 

Lemma 26.6. The matrix K is invertible and K^ 1 = q 2l E* . 

i=0 

Lemma 26.7. For < i < D we have KE* = E*K = q~ 2i E*. 
Lemma 26.8. The algebra T is generated by L, F, R, K . 

Proof: Recall that T is generated by A, A*. The result follows from this, the comments after 
Definition 126. 1[ and the comments after Definition 126.51 □ 



Proposition 26.9. The following (i)-(iii) hold. 
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(i) KL = q 2 LK. 



(ii) KF = FK. 

(iii) KR = q- 2 RK. 

Proof: (i) By ffT05|) we have KL = J2? =0 ^ ''E* L and q 2 LK = Y,^^ LE t ■ Comparing 
these equations using Lemma 126. 2( i) we find KL = q 2 LK. 

(ii) Similar to the proof of (i). 

(iii) Take the transpose of each term in (i). □ 



We mention a consequence of the relations from Proposition 126. 3[ Proposition 126.41 and 
Proposition 126.91 

Lemma 26.10. The matrices LR, RL, F, K mutually commute. 

Proof: By Proposition I26.9l the matrix K commutes with each of LR, RL, F. By Proposition 
I26.3l the matrix F commutes with each of LR, RL. It remains to show that LR, RL commute. 
In Proposition 126.41 multiply each side of equation (i) on the right by R and multiply each 
side of equation (ii) on the left by L. Taking the difference between the resulting equations 
and simplifying we get LR 2 L = RL 2 R. Therefore LR, RL commute. The result follows. □ 



The matrices L, F, R can be expressed in terms of A, K, K 1 as follows. 
Lemma 26.11. The following (i)-(iii) hold. 

q~ x K~ x AK + qKAK- 1 - (q + q^)A 



(i) L 

(ii) F 

(iii) R 



(q-q l ) 2 {q + q x ) 

(q 2 + q- 2 )A - K- l AK - KAK' 1 
(q-q- 1 ) 2 

qK~ l AK + q^KAK- 1 - (q + q-^A 
(q- q- 1 ) 2 (q + q~ l ) 



Proof: In each equation eliminate A using A = L + F + R and simplify the result using 
Proposition 126.91 □ 



27 The central elements Q, G, G* in terms of L, F, R, K 

We continue to discuss the dual polar graph V from Section [161 Recall the central elements 
Q, G, G* of T from Lemma 114.111 Recall the elements L, F, R, K of T from Section [261 In 
this section we display each of Q, G, G* in terms of L, F, R, K. 

Proposition 27.1. Let denote the scalars from Lemma \16.5[ and let j,g denote the 



scalars from Lemma 16.7 Then Q, G, G* can be expressed in terms of L, F, R, K as follows. 



58 



e(q 2 -l) 2 {(a 2 - l)(q 2e - 1) 

(i) n = - L > kf - ^ — ^ - 27C/. 

g 2 g 2 

(h) g = «i - 9 4 )A'M + ?(i - ,- 4 )a:lb + Uq- 2 - 1)(9 2 * - 1)KF - qCK - £></. 

g 2 g 2 

Proof: (i) Combine Lemma 120.21 Definition 126.11 and Definition 126.51 

(ii) Combine Lemma 121.11 Definition 126.11 and Definition 126.51 

(iii) Combine Lemma [20.11 and (i). □ 



28 The central elements Co, Ci,C2 

We continue to discuss the dual polar graph T from Section [1(3 In this section we define three 
matrices C , C\, C 2 in T which involve L, F, R, K from Section I2HJ We show that C , C%, C 2 
are in Z(T). Then we display the actions of Co, C\, C 2 on each irreducible T-module. Using 
this data we show that Co, C\, C 2 generate Z(T). 

Definition 28.1. We define the matrices Cq,Ci,C 2 in T as follows. 

q 2e - 1 

(i) C = KF+ ^—K. 

q z — 1 

f ,2 -2 2e+2D-2 

(ii) d = —^——KRL - -^——KLR + ^— 

g z + 1 g + 1 g — 1 



1 n -2 2e+2D-2 

(iii) C 2 = — — — K 2 RL - 4 K 2 LR + 2— A K 2 . 

~ g 2 + 1 g 2 + 1 g 4 - 1 



We have an observation. 

Lemma 28.2. The matrices Cq,Ci,C 2 are symmetric. 

Proof: By Lemma 126.101 and Definition 128.11 together with the fact that F, K are symmetric 
and R l = L. □ 



Lemma 28.3. Each ofC ,C 1 ,C 2 is m Z(T). 

Proof: We first show that Co G Z(T). By Lemma 126.81 it suffices to show that Co com- 
mutes with each of L, F, R, K. By Lemma [26.101 the matrix Co commutes with F, K. Using 
Proposition I26.3( ii) and Proposition I26.9( iii) one checks that Co commutes with R. By this, 
Lemma [28.21 and since R l = L, we have CqL — LCo = (RCq — CqR) 1 = 0. Therefore Co com- 
mutes with L. We have now shown that Cq commutes with each of L, F, R, K. Therefore 
Co G Z(T). By a similar argument using Proposition 126.41 Proposition 126.91 and Lemma 
l26U0l we find that d, C 2 are in Z{T). □ 
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Lemma 28.4. Let W denote an irreducible T -module. Let r,t,d denote the endpoint, dual 
endpoint and diameter of W , respectively. Then the following (i)-(iii) hold. 

(i) C acts on W as xo( r ,t,d)I where 

2e+2D-2d-2r-2t _ 2t-2r 

Xo(r,t,d) = q - — q - . (106) 

q z — 1 

(ii) C\ acts on W as Xi( r >*j d)I where 

2e+2D-l-d-2r ( d+1 , n ~d-l\ 

Xi(r,t,d) = q - q4 { \ +q 1 (107) 

(iii) C 2 acts on W as X2( r ,t,d)I where 

2e+2D-2-2d-4r 

X 2(r,t,d)= q g4 _ l . (108) 

Proof: Fix an integer i (0 < i < d). By Definition EE^i), (fTOOD . ffT05l) and Definition MM 
the element Cq acts on E* +i W as 



g -2r -2i( g 2e _ X 

q 2 -l 



q- 2r - 2i a t (W) + 2 i (109) 



times I. Using Lemma [17.21 one checks that (I109P equals Xo(r, t, d). Therefore (i) holds. By 
Definition EOJii), dMD, (HE}, (HHSD and Definition MM the element C x acts on £ r * +i Vy as 

2-2r- 2i n -2-2r-2i 2e+2D-2-2r-2i 

q -^ Cl {w)b l . 1 {w) - q fniw^w) + q - — — — (110) 

_|_ x q z + 1 q l — 1 

times /. Using Lemma Tl 7. 2 1 one checks that (IllOp equals Xi(r, t, d). Therefore (ii) holds. By 
Definition EHKiii), ([99]), (jlPTjl . ( TT05|) and Definition ESI the element C 2 acts on as 

-4r-4i -2-Ar-Ai 2e+2D-2-4r-4i 

±-—c i {W)b ir . x {W) - q b t (W)c t+1 (W) + q j— (111) 

g z + 1 (7+1 9 — 1 

times /. Using Lemma [17.21 one checks that ( 11111) equals X2(r,t,d). Therefore (iii) holds. □ 



Theorem 28.5. The algebra Z(T) is generated by Co,C\,C2- 

Proof: Let Z' denote the subalgebra of T generated by Co, C±, Ci- We show Z' = Z(T). By 
Lemma T28.3[ the algebra Z' is contained in Z(T). We now show the reverse inclusion. To do 
this, by Lemma [19.11 it suffices to show E\ G Z' for all A G Feas. Let (r,t,d) and (r',t',d') 
denote distinct elements of Feas. We claim that there exists an integer i G {0,1,2} such 
that Xj(r, t,<i) ^ xA r ' ■, t'-> d'). Suppose this is not the case. By (jl06p - (1108p . 

2e+2D-2d-2r-2t _ „2t-2r _ 2e+2D-2d' -2r' -2t' _ 2t'-2r' /i ir>\ 

q q — q q , 

q -d-2r {q d+l + q -dr-lj = q -d>-2r' {q d>+l + g -*-l^ (m) 
q -2d-4r = q -2d'-lr> (n4) 
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We show d = d'. By (j!14p we have q- d ~ 2r = q~ d '~ 2r ' , By this and (11 1 3 p we have 
q d+i _|_ q -d-i _ qd'+i _|_ g-d'-i Simplifying this we get (q d + d '+ 2 - l)(q d+1 - q d ' +1 ) = 0. Since 
d+d' + 2 7^ and q is not a root of unity, we have q d+l = q d +1 so d = d! . Next we show r = r' . 
This is immediate from (11141) and the fact that d — d'. Now we show t = t' . Evaluate (11121) 
using r = r' and d = d', and simplify the result we get (q 2e + 2D ~ 2d _|_ g2t+2t )(g 2 * _ q 2t ^ = o. 
But q 2e + 2D ~ 2d -f g2t+2t _^ q s i nce g j s no ^ a roo t f unity. Therfore g 2< = q 2t and thus t = t'. 
We have shown (r,t,d) = (r',t',d') for a contradiction. Therefore the claim holds. By the 
claim and Lemma [28.41 we have E\ G Z 1 for all A G Feas. The result follows. □ 

We finish this section with a comment. 
Lemma 28.6. The following (i), (ii) hold. 

2,1 2 i i 2e+2D 

Proof: Solve for RL and LR using Definition I28.1( ii). (iii). □ 



29 How C , Ci, C 2 relate to Q, C, C* and T, A 

We continue to discuss the dual polar graph T from Section [161 So far we obtained a number 
of central elements of T. We have Q, G, G* from Lemma [14.111 T, A from Section [221 an d 
C , Ci, C 2 from Section [281 In Proposition 122.241 we expressed f2, G, G* in terms of T, A. 
In this section we express Q, G, G* in terms of Co, Ci, Gj and express Co, Ci, C2 in terms of 
T,*,A. 

Proposition 29.1. Let denote the scalars from Lemma \16.5\ and let j,g denote the 
scalars from Lemma \16.7\ Then the following (i) -(iii) hold. 

(i) fi = -^- 2 (g 2 -l) 2 C -2 7 a. 

(ii) G = £(g~ 2 - l)(g 2e - 1)C + £(<T 2 - l)(g 2 + l) 2 Ci - g(I. 

(iii) G* = ag- 2 (g 2 -i) 2 Co + 7C 2 /. 

Proof: (i) Evaluate f2 using Proposition I27.1( i). Evaluate Co using Definition 128.11 

(ii) Evaluate G using Proposition 127. 1( h) . Evaluate Co,Ci using Definition 128.11 

(iii) Combine Lemma [20.11 and (i). □ 

Proposition 29.2. The matrices Co, Ci, C2 can be expressed in terms o/T, A as follows. 

(i) c = (g 2 -i)-V e r- 2 -vi/- 2 ). 

(ii) d = q 2 ^+ D -\q 2 - l)(g 2 + 1)-1T- 1 *- 1 A. 
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(iii) C 2 = q 2e - 2 (q 4 - l^T- 2 ^- 2 . 

Proof: (i) By construction V is a direct sum of irreducible T-modules. Let W denote an 
irreducible T-module in the sum. It suffices to show that for the equation in (i) the two 
sides agree on W. Let r,t,d denote the endpoint, dual endpoint, and diameter of W, re- 
spectively. By Lemma [28 A\ the element Cq acts on W as Xo( r it,d)I. By Lemma [22.51 we 
have W C a r+t+d _ D V . By this and Lemma [22.81 the matrix T acts on W as q r + t + d - D \_ By 
Lemma 122.121 we have W C ip r _ t V. By this and Lemma 122.151 the matrix \& acts on W as 
<7 r-t l. By these comments and (11061) . the two sides agree on W. The result follows 
(ii), (iii) Similar to the proof of (i). □ 



30 L,F,R,K and U q (sl 2 ) 

We continue to discuss the dual polar graph T from Section [16j In this section we display 
some relationships between the i7 9 (sl2)-module structures from Theorem 124.31 and Theorem 
124.41 and the matrices L, F, R, K from Section | 



/ i i 

Recall the central elements T, ^ of T from Section 



Lemma 30.1. The actions ofx,y,z on the U q {s{-i) -module V from Theorem \24-3\ are given 
by 

x = g-^T" 1 ^- 1 ^ 1 + q- 2e - D (q 2 - ^T^- 1 ^, 
y = q^T-^K- 1 - q- D (q 2 - ^T'^L, 
z = q D T^K. 

Proof: Let h denote the scalar from (1871) and let £ denote the scalar from Lemma [16.51 By 
Lemma [28.11 we have F — hi = K~ 1 Cq. By this and Proposition 129.21 we have 

F-hI = (q 2 - lJ-^g^T" 2 - ^- 2 )K-\ (115) 

In each of flSOJ-© evaluate B, B* using B = L + F + R - hi and B* = £K. Simplify the 
result using Proposition 126.91 and (11151) . □ 



Lemma 30.2. The actions of x,y,z on the Uqislz) -module V from Theorem \24-4\ are given 
by 

x = q-VT-^^R- 1 - q- D (q 2 - ^T'^R, 
y = q- D T- 1 ^- 1 K- 1 + q- 2e -°(q 2 - l)T^- l L, 
z = q D T^K. 

Proof: Similar to the proof of Lemma EO but use (t9"3l)-([9l)l) instead of p?l)-(p2l). □ 

We now give reformulations of Lemma f3 0.1 1 and Lemma r30.2l in terms of the generators k, e, f 
for U g (sl 2 ). 
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Lemma 30.3. The actions ofk,e,f on the UqisXz) -module V from Theorem \24-3\ are given 
by 

k = q D TVK, 

e = m 2 KL, 

f = q 1 ' 2e - D Tm- 1 R. 

Proof: Combine Lemma [12.21 and Lemma [30.11 □ 



Lemma 30.4. The actions ofk,e,f on the U q (sl2) -module V from Theorem \24-4\ are given 
by 

k = q D T^K, 
e = -q- 2e T 2 KL, 
f = -q l - D T- x ^R. 



Proof: Combine Lemma [12.21 and Lemma [30.21 



□ 



We finish this section with a comment decscribing how the two actions of U q (s{2) on V from 
Theorem 124.31 and Theorem 124.41 are related. 

Theorem 30.5. Consider the table below. In the first column the three displayed elements 
each induces an element in End(V) using the Uqisi-z) -module structure from Theorem \24- 4 



In the second column the three displayed elements each induces an element in End(V") using 
the U q (sl2) -module structure from Theorem 24 -3\ For each row the two elements induce the 
same element o/End(V). 



U q {5\ 2 )- 

from 


module structure 


U q {sl2) -module structure 


Theorem 24-4 


from Theorem 24 -3\ 




k 


k 




e 


_ g -2e T 2^-2 e 




f 


_ q 2e T -2y2 f 



Proof: Compare the f/ g (s[2)-actions from Lemma [30.31 and Lemma [30. 41 



□ 
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